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Permeable and deformable capsules and their adhesion are found in many applications in 
biological and industrial systems such as the circulatory system. However, studies on 
computational modeling of those capsules are still rather lacking. In this work, the 
osmotic swelling and capsule-substrate adhesion of a deforming capsule immersed in a 
hypotonic and diluted binary solution of a non-electrolyte solute under Stokes flows is 
simulated using the immersed interface method (IIM). The approximate jump conditions 
of the solute concentration needed for the IIM are calculated numerically with the use of 
the Kedem-Katchalsky membrane transport relations. The thin-walled membrane of the 
capsule is considered to be either semi-permeable or fully permeable, and the material of 
the capsule membrane is assumed to be Neo-Hookean. The used properties of fluid and 
membrane fall in the range of a typical biological system. The numerical validation tests 
indicate that the present calculation procedure has achieved good accuracy in modeling 
the deformation, adhesion, and osmotic swelling of a permeable capsule. The capsule 
swelling (with mass transfer across the membrane) and deformation in a periodic 
computational domain (without adhesion) are tested for different solute concentration 
fields and membrane permeability properties. The numerical investigations show that the 
initial solute concentration field and the membrane permeability properties have much 
influence on the swelling and deformation behavior of a permeable capsule under Stokes 
flow condition. Furthermore, capsule-substrate adhesion in the presence of membrane 
permeability is simulated and the osmotic inflation of the initially adhered capsule is 
studied systematically as a function of solute concentration field and the membrane 
permeability properties. The results demonstrate that the contact length shrinks in 
 vii 
dimension and deformation decreases as capsule inflates. The equilibrium contact length 
does not depend on the hydraulic conductivity of the membrane as also theoretically 
obtained. Further numerical investigations show that the inflation and partial detachment 
of the initially adhered capsule depend significantly on the solute diffusive permeability 
and the reflection coefficient of capsule membrane. Finally, the mass transfer of an 
adhesive capsule flowing in a vessel is simulated for various parameters. The results 
show that the solute mass transfer between the capsule and the vessel walls is enhanced 
by introducing adhesion between the capsule and the walls. Moreover, the present 
numerical approach is employed to simulate the adhesion of a malaria-infected red blood 
cell and a healthy red blood cell flowing in a capillary in the absence of mass transfer.        
Keywords: Permeable capsule; Adhesion; Stokes flow; Mass transfer; Simulation; 
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Natural capsules such as cells and eggs, and artificial capsules of thin elastic membranes   
enclosing incompressible viscous liquid are widely encountered in many biological and 
industrial systems. A capsule consists of a deformable substance enclosed by an elastic 
membrane, either permeable or impermeable. The primary function of the membrane is to 
shield and confine the enclosed substance, and control the heat and mass transfer between 
the internal and ambient environments. The importance of understanding the 
characteristic behavior of capsules has long been recognized in many research areas such 
as drug delivery, colloidal dispersion, and hemodynamics. The flow induced-deformation 
of capsules has been studied by many researchers in the past two decades to investigate 
the effects of the membrane and fluid properties, capsule-substrate adhesion and inertia 
forces of the flow field on capsule deformation. As an extension of capsule simulations, 
both capsules of permeable membranes and capsules adhesion onto a substrate are very 
important as their biological and biophysical applications are concerned. For example, 
adhesion of leukocytes (while blood cells) to vascular endothelium is a key process in 
inflammatory response (Springer, 1995); solutes transport across permeable renal tubules 
is important for proper functioning of the kidney; and nutrient transport across cell 
membranes is crucial for biological cells. A better understanding of the complex 
mechanisms involved in permeable capsule-substrate adhesion and relevant simulation 
techniques is important especially for designing biomedical devices such as targeted drug 
delivery systems and cell therapeutic devices.     
 2 
Numerical simulation of capsules is complicated by the capsule membrane as it acts as an 
interface between the enclosed volume and the ambient environment. If the fluid 
properties of enclosed volume and surrounding environment are different, and membrane 
is permeable, the problem becomes more complex. Therefore, many numerical 
techniques designed for continuous flow fields do not work or work weakly for immersed 
interface problems. To overcome these difficulties, there are several works on developing 
efficient computational techniques for simulating problems involving fluid flow with 
immersed deformable boundaries like capsules. Perhaps two of the most important 
developments in the past decades or so are the immersed boundary method (Peskin, 
1977) and immersed interface method (LeVeque and Li, 1994). 
The subsequent sections provide an overview of general aspects for capsule modeling and 
more details about currently available numerical techniques for capsule simulations, and 
the literature review for the present work.  
 
1.1. General aspects of capsule modeling 
Capsules can be generally categorized as natural or artificial. The interfaces of natural 
capsules typically consist of a membrane that is composed of a phospholipid bilayer, and 
may also host other species such as proteins. Artificial capsules are enclosed by a variety 
of coating materials with various physical and mechanical properties depending on its 
application.  
When the membrane behaves like a hyperelastic medium, its rheological characteristics 
can be represented by a surface strain energy function, and they are called constitutive 
laws. Currently, several constitutive laws such as linear elasticity, rubber elasticity and 
 3 
two-dimensional elasticity are used. One important thing is that even though these 
hyperelastic laws have different mathematical forms, they behave in the same way at 
small capsule deformations.  
Some commonly used terms in this thesis related to permeable membranes and solutions 
are given below: 
 Binary solution: A binary solution consists of a solvent and a solute (e.g. water + salt).  
Diluted solution:  The volume occupied by the solute is very small compared to the 
volume occupied by the solvent. 
Hypertonic solution: It contains a high concentration of solute relative to another 
solution. 
Hypotonic solution: It contains a low concentration of solute relative to another solution. 
Isotonic solution: It contains the same concentration of solute as another solution. 
Solvent: The component of the solution in which other substances dissolve and it is 
present in large quantity (e.g., water of a water+salt mixture).  
Solute: A substance which is present in the dissolved state in the solution and it is present 
in lesser quantity (e.g., salt of a water+salt mixture). 
Impermeable membrane: Both solvent and solute cannot pass across the membrane.  
Semi-permeable membrane (also termed as selectively-permeable membrane, partially-
permeable membrane or differentially-permeable membrane): Only solvent can pass 
across the membrane. The solute cannot pass across the membrane. 




1.2. Existing numerical methods for capsule modeling 
There are numerous numerical methods for solving problems involving immersed 
boundaries. Each method has its own advantages and disadvantages. A brief summary for 
some of commonly used numerical methods is given below.  
 
1.2.1. Finite Element Method  
 
Finite element method (FEM) has been used by many researchers for solving viscous 
flow problems in irregular regions and fluid-structure interactions. The main advantage of 
FEM is that it can handle complex geometries by using adaptive unstructured grids. It 
helps to use a higher resolution near immersed boundaries to capture more information 
near the boundary. Some improvement of the method is seen in Bathe and Zhang (2004). 
One of the main disadvantages is the time-dependent mesh generation since it is 
computationally expensive especially for moving boundary problems. Therefore, Wang 
and Liu (2004) extended the immersed boundary method (EIB method) using FEM to 
solve problems involving immersed elastic bodies. Then, the EIB method was further 
extended using the immersed interface method by Zhang et al. (2004).    
 
1.2.2 Boundary Integral Method  
 
One advantage of this method is that it can handle complex geometries easily. The main 
disadvantage of this method is the lack of ability to handle non-linear equations. 
Therefore, this method cannot be applied for the full Navier-Stokes equations directly 
although some attempts are available for the linearized Navier-Stokes equations (Achdou 
and Pironneau, 1995; Biros et al., 2002). 
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1.2.3.   Ghost Fluid Method  
 
Initially, Fedqiw and Aslam (1999) developed the Ghost Fluid Method (GFM) and it uses 
a level set function to implicitly represent the interface between two immiscible fluid 
domains. The GFM computes the appropriate jump conditions at the interface by 
constructing ghost fluid properties and nodes based on the level set function. This method 
has the ability to handle topological changes as the interface is represented by a level set 
function. But it is not adequate to represent material interfaces such as elastic 
membranes. The GFM has also been used to simulate multiphase incompressible flows 
(Nguyen et al., 2001). 
 
1.2.4.    Immersed Boundary Method  
 
The immersed boundary method (IB method or IBM) has proven to be a robust numerical 
method for modeling fluid-structure interaction involving large geometry variations. This 
method was initially developed to study blood flow dynamics in the human heart by 
Peskin (1977). The accuracy of the method is basically first order due to the use of the 
discrete delta function to smear out jumps of variables across the immersed boundary. 
The method has been applied for flexible, rigid, and permeable boundary problems.  
   
1.2.5.   Immersed Interface Method  
  
The immersed interface method (IIM) is a second order accurate numerical method. It 
maintains the second order accuracy by incorporating the known jumps of filed variables 
into the finite difference scheme. The method was originally developed by LeVeque and 
Li (1994) for solving elliptic equations and the method has been further improved for 
solving the Stokes and full Navier-Stokes equations for flexible and rigid boundary 
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problems with equal and different viscosities. Detailed discussions about the IB method 
and IIM are given in Section 1.3 and Chapter 2. 
   
1.3. Literature review 
A literature review about the numerical works on deformable capsules, immersed 
boundary method, and immersed interface method is given below. 
 
 
1.3.1. Previous numerical studies of impermeable capsules 
 
The understanding of the deformation behavior of capsules is important for many 
research areas such as drug delivery and colloidal dispersion. The dynamics behavior of 
capsules under imposed shear flow, adhesive forces, and pulling forces are some basic 
topics commonly seen in impermeable capsule simulations. Furthermore, the simulation 
of a single capsule is the first step to model more complex systems such as red blood cell 
suspensions in blood plasma.  
The characteristic behavior of a single capsule is seen in Keller and Skalak (1982), Rao et 
al. (1994), Ramanujan and Pozrikidis (1998), Pozrikidis (2001), Noguchi and Gompper 
(2005), and Sui et al. (2009) by using various numerical techniques such as boundary 
integral and lattice Boltzmann methods. The influence of the membrane elasticity, 
membrane rigidity, fluid viscosity, and the inertia of flowing fluid on capsule 
deformation in shear flow has been investigated there. The axisymmetric pressure-driven 
motion of a file of red blood cells (RBCs) was simulated by Pozrikidis (2005).  
Two and three dimensional (2D and 3D) capsule-substrate adhesion in shear flow has 
been modeled with various assumptions.  
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For 2D modeling, N’Dri et al. (2003) modeled a leukocyte adhesion in blood flow by 
using both drop and compound drop models. The results showed that cell rheological 
properties have significant effects on cell adhesion process. Also, Dong and Lei (2000) 
simulated leukocyte adhesion to endothelium cells. Alexeev et al. (2006) modeled the 
rolling of deformable capsules on a compliant surface and showed that compliant surface 
has an influence on capsule-capsule interaction over the substrate. The interaction of a 
malaria infected red blood cell (IRBC) with normal red blood cells (RBCs) and vascular 
endothelial cells under blood flow condition was studied in Kondo et al. (2009). A 2D 
model for RBC rosseting (aggregation) in a shear flow was reported in Zhang et al. 
(2008).     
Among 3D numerical models, leukocyte adhesion onto the endothelial wall by using the 
immersed boundary method was presented in Khismatullin and Truskey (2004), Pappu et 
al. (2008), and Pappu and Bagchi (2008). The effects of geometrical dimensions, 
receptor-ligand distribution, and cell concentration on leukocyte adhesion were reported 
there. RBC rosseting in shear flow and squeezing through a capillary vessel were studied 
by Liu et al. (2004).               
Some other relevant literature reviews on capsule simulation with the permeability of the 
capsule membrane and capsule-substrate adhesion are reported at the beginning of 
Chapter 3, Chapter 4, and Chapter 5 where it is more appropriate.   
 
1.3.2. Immersed Boundary Method 
As explained in Section 1.2., there are numerous works on developing efficient 
computational techniques for simulating problems involving fluid flow with immersed 
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impermeable deformable boundaries (membranes). In the sense of robustness, perhaps 
one of the most important developments in the past decades or so is the immersed 
boundary method by Peskin (1977) with essentially first order accuracy. It has proven to 
be a powerful numerical approach for solving the full incompressible Navier-Stokes 
equations with moving boundaries. IB method was originally developed for studying 
blood flow in a beating heart (Peskin, 1977, 2002; Peskin and McQueen, 1980). Since 
then, IB method has been used to solve a wide variety of other problems including inner 
ear fluid dynamics (Beyer, 1992), bacteria swimming (Dillon et al., 1995), sperm motility 
in the presence of boundaries (Fauci and McDonald, 1995) to name  a few. Furthermore, 
the use of the IB method to simulate cell-substrate adhesion in 3D space has been 
reported recently (Pappu et al., 2008; Pappu and Bagchi, 2008).  
The IB method has also been used to study flow through granular media at the pore scale 
by treating the grains making up the medium as immersed boundaries (Dillon and Fauci, 
2000), even though the grains themselves are rigid and impermeable in these studies. 
Perhaps, the first previous effort to incorporate even limited permeability to the 
membrane within the IB framework is the study of parachute dynamics by Kim and 
Peskin (2006) where the fluid flow across the membrane is driven by the pressure 
difference across the membrane (Darcy’s law). However, this model seems not capable of 
simulating a permeable membrane immersed in a binary solution whereas fluid flow 
across the membrane may depend on the binary solution too. Following Kim and Peskin 
(2006), Stockie (2009) used the IB method to simulate fluid flow across a porous 
membrane of a two-dimensional capsule. Huang et al. (2009) presented a numerical 
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method based on the IB method to compute restricted diffusion flow across a fixed 
permeable interface.  
Use of the IB method for permeable interface problems is still rather lacking, and hence 
further studies are needed.    
 
1.3.3.  Immersed Interface Method 
Partially motivated from the IB method, LeVeque and Li (1994) developed the immersed 
interface method (IIM) with second order accuracy to solve two dimensional elliptic 
equations in a rectangular domain with an immersed fixed interface.  The key idea of the 
IIM is to find coefficients of a new finite difference scheme at irregular grid points by 
using the information of the field variable and its normal derivative (Li, 1994). The IIM 
was later extended to solve an elastic boundary problem with Stokes flow assumption as 
reported in LeVeque and Li (1997). In that work, the IIM was employed in a uniform 
Cartesian grid (standard grid) by solving three Poisson equations each for pressure and 
two velocity components. For the boundary conditions, bi-periodic boundary conditions 
have been used for pressure and velocity due to the difficulty in employing Dirichlet 
boundary condition for velocity since the mass conservation equation is not used directly 
in the calculation. Later, Li et al. (2006) extended the work reported in LeVeque and Li 
(1997) to treat Dirichlet boundary conditions for velocity and Neumann boundary 
conditions for pressure by defining augmented variables for pressure derivatives along 
the boundary of the computational domain. In that augmented approach, the mass 
conservation equation was used to determine the augmented variables. The same 
approach was further extended to treat different viscosities for the fluids in enclosed and 
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surrounding domains by defining augmented variables for velocity jump conditions 
across the interface as reported in Li et al. (2007) and Lai and Tseng (2008). The IIM for 
Stokes flow problems with flexible and rigid boundaries were presented in Tan et al. 
(2009) by using the Marker- and-Cell (MAC) scheme. Also, recently the IIM has been 
used to solve moving contact line problems by Li et al. (2010).  
The IIM has been further extended to solved the full Navier-Stokes equations for 
immersed boundary problems as reported in Li and Lai (2001), Lee and LeVeque (2003), 
Le et al. (2006), Xu and Wang (2006), Tan et al. (2008), and Ito et al. (2009) with 
flexible and rigid boundaries. Linnick and Fasel (2005) developed the higher-order IIM 
for the full Navier-Stokes equations in a stream function-vorticity formulation. In that 
work, the time integration was done by fourth-order Runge-Kutta scheme while the 
spatial derivatives were treated by compact finite differences. The Poisson equation of 
stream function was discretized by nine-point-fourth-order compact discretization. Rutka 
(2008) presented an explicit jump immersed interface method (EJIIM) for two-
dimensional Stokes flows on an irregular domain. More details about the IIM for 
impermeable boundary problems were reported by Li (2003) and the recently published 
book by Li and Ito (2006).  
Although the IIM has been used for impermeable and flexible/rigid boundaries on 
regular/irregular domains with same/different viscosities, extension for the permeable 
boundary problems is still lacking. To the best of the author’s knowledge, the only 
reported work is the work presented in Layton (2006). Layton (2006) used the IIM to 
model the mass transfer across a semi-permeable deformable capsule under Stokes flow 
and for a limited case. In that work, while the Stokes equations were solved in a standard 
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grid using the IIM approach mentioned in LeVeque and Li (1997), a time-split method 
was employed to solve the mass transport equation near the capsule membrane. The 
numerical results showed that a sufficiently refined grid was required to achieve relative 
errors of mass and volume to be less than 1%, which is computationally expensive. As 
the IIM is robust and more accurate for moving immersed impermeable boundary 
problems, there is a need for extending it to problems involving deformable and 
permeable boundary problems. 
 
1.4. Objectives and scopes 
Research gaps for the present numerical study of permeable capsules using the immersed 
interface method are summarized below:   
Numerical studies on permeable and deformable capsules are rather lacking due to the 
difficulty of handling the discontinuity of model variables such as solute concentration 
and pressure fields.  
1. It has been proven that the IIM is robust for simulating immersed impermeable 
and deformable boundary problems with the second order of accuracy. However, Layton 
(2006) only used the IIM to simulate a semi-permeable boundary problem. Therefore, 
more research work on the IIM is needed for extending it to semi-permeable and fully 
permeable boundary problems. 
2. Permeable capsules such as biological cells immersed in aqueous solutions have 
been investigated for the final equilibrium stage. However, the swelling and deformation 
transient of these capsules have not been investigated in detail.  
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3. Although dynamical characteristics of impermeable capsule adhesion onto a rigid 
planar substrate have been studied in detail, there are currently only a few theoretical 
studies to calculate the final equilibrium of permeable capsule adhesion in the presence of 
osmosis or mass transfer. 
The main objective of the present work is to employ the IIM to simulate a capsule with a 
permeable membrane under a variety of conditions for a careful and systematic 
elucidation of the flow physics. The specific objectives of the present thesis are to: 
1. propose a novel numerical approach based on the IIM to simulate both the semi-
permeable and fully permeable, and deformable capsules under Stokes flow condition,  
2. investigate the swelling and deformation characteristics of a permeable capsule 
for various physical parameters,  
3. extend the IIM approach to study the adhesion and detachment of a permeable 
capsule adhered onto a rigid planar substrate in the absence of an imposed flow field, 
4. apply the IIM to study a permeable capsule (or a drug-loaded capsule) flowing in 
a flow field. Also, a red blood cell (RBC) and a malaria-infected red blood cell (IRBC) 
adhesion onto endothelium cells are simulated. 
This thesis will provide a valuable numerical method to simulate permeable capsules 
under Stokes flow conditions and some interesting results to a better understanding of 
biological and engineering problems such as 
1. the urine concentration mechanism,  
2. immune response in inflammation, 
3. malaria-infected red blood cell adhesion onto vascular endothelium, 
4. nutrient transport across biological cell membranes, 
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5. mass transfer across an interface of droplet/bubble, 
6. targeted drug-delivery systems, 
7. artificial lungs. 
It is known that mass transport across cell membrane and cell adhesion onto the 
endothelium are complex processes. For example, living cells are adhered onto the 
endothelium due to the interaction between receptors and ligands. And also, the 
permeability properties of the cell membrane are functions of the aqueous environment 
and membrane stretching. These areas are not central to the present work and hence 
beyond the scope of the thesis.       
 
1.5. Outline of the thesis 
In Chapter 2, a two-dimensional numerical method based on the IIM is proposed to 
simulate a permeable capsule immersed in a binary solution by assuming Stokes flow 
conditions. Also, some comparisons between the IIM and the IB method are given. 
In Chapter 3, the transient deformation and swelling of a permeable capsule is studied 
numerically. Moreover, the mass transfer of a rising droplet is simulated and the results 
are validated.   
In Chapter 4, capsule-substrate adhesion in the presence of membrane permeability is 
simulated and the effect of the membrane permeability on adhesion is studied. 
In Chapter 5, capsule-substrate adhesion and mass transfer under an imposed Stokes flow 
is studied. Also, a single RBC and a single IRBC adhesion to endothelium cells are 
studied in the absence of mass transfer.  
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In Chapter 6, the concluding remarks and some recommendations for future works are 
provided.     
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Chapter 2 
Immersed Boundary Method and Immersed Interface Method 
 
These days Cartesian grid methods are common for immersed interface problems as it 
does not need grid generation at each time step, and hence it reduces the computational 
effort. Generally, the Cartesian grid methods are categorized into two types which the 
first type smears out jumps of field variables across the interface and the second type 
includes those jumps into the finite difference scheme without smearing out. The 
immersed boundary method (IB method) belongs to the first category while the immersed 
interface method (IIM) belongs to the second category.   
            
2.1. Immersed Boundary Method 
The immersed boundary method was originally developed to study blood flow dynamics 
in the heart and it has many improvements since then. The IB method has been applied 
for flexible/rigid and impermeable/permeable boundary problems with equal and 
different viscosities across the interface. More details can be seen in Peskin (2002).  
Here, the calculation procedure of the IB method is presented for a two-dimensional 
computational domain Ω  containing an immersed interface Γ (impermeable) as shown in 
Fig. 2.1. The motion of incompressible fluid is governed by the Navier-Stokes and the 
continuity equations as given below: 
      Fupuuut
rrrrr
+∇+−∇=∇+ 2).( µρ ,                     (2.1) 
    0. =∇ ur ,                     (2.2) 
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where 2∇ is the Laplacian, ),( vuu =r  is the fluid velocity, p is is the pressure, ρ  is the 
fluid density, µ  is the constant dynamic viscosity throughout the computational domain, 
and t is the time. The singular force F
r
is acting on the fluid at the immediate sides of the 
interface Γ . This singular force may arise due to the elasticity of the interface, surface 
tension between the interface and fluid, or adhesive forces, and it is give by 




δ ,                      (2.3) 
where ),( tsXr  is a point on the interface, s is the length along the interface, ),( yxx =r is 
spatial position in the computational domain, ),( tsfr  is the force strength, and δ is the 
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=),(τ  and nr  are the unit vectors in the tangential and normal directions to the 
membrane, respectively. Various constitutive laws are available to calculate these 
membrane tensions (Barthes-Biesel et al., 2002). For stationary rigid interfaces, ),( tsfr  is 
calculated by using the zero velocity condition at the interface. If the material interface is 
impermeable, the membrane velocity at any point on the membrane U
r
 is calculated from 
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In the IB method, the interface Γ  is represented by a set of points which are called 
marker points or control points. Then the force strength at kth control point kf
r
 is 
calculated using the discrete form of Eq (2.4) and then the effect of singular force on a 
grid point (i, j) Fr is determined from the discrete form of Eq. (2.3) as 









rrrrr δ ,      (2.6) 
where ),(),( ji yxjix =
r is the coordinate of the grid point (i, j), ),( kkk YXX =
r
 is the 
coordinate of the control point k, and Dδ  is a two-dimensional discrete delta function and 
Dδ can be written as a product of one-dimensional discrete delta functions as 
)()(),( yxyx hhD δδδ = . The commonly used one-dimensional discrete delta functions hδ  















































δ      (2.7) 
where h is the grid size.  
Once the force field F
r
is known, the Navier-Stokes and continuity equations Eqs. (2.1) 
and (2.2) are solved to calculate the primitive variables ),( vuu =r  and p. Then, the 
velocity field is interpolated to find the velocity at control points as given in Eq. (2.5). 
Finally, the membrane configuration is updated as 
mmm UtXX .1 ∆+=+
rr
,                      (2.8) 
where t∆  is the time step and  ttt mm ∆+=+1 . 
The IB method can be implemented for a complex immersed boundary problem without 
much difficulty. However, the general accuracy of the method is limited to the first order 
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as it smears out the jumps of variables by using the discrete delta function. In the case of 
different viscosities across the interface, the viscosity is smoothed out across the interface 
using a Heaviside function (N’Dri et al., 2005; Li and Ito, 2006).   
 
2.2. Immersed Interface Method 
In the literature, numerous works on the immersed interface method (IIM) to solve the 
full Navier-Stokes equations were reported for flexible and rigid boundary problems (Li 
and Lai, 2001; Le et al., 2006; Ito et al., 2009). Similarly, the use of the IIM to solve the 
Stokes equations with different conditions such as different viscosities, flexible/rigid 
boundaries, permeable boundaries, and complex geometries is currently an active 
research area (Layton, 2006; Li et al., 2006; Xu et al., 2006; Li et al., 2007; Tan et al., 
2008, 2009). The Stokes equations govern the fluid motion in many biological systems 
due to the fact that the inertia forces are negligible for those systems (i.e. Re<1). As the 
main objective of the present work is to use the IIM to solve low Reynolds number flows 
with an immersed permeable boundary, the IIM calculation procedure is first explained in 
this chapter only for Stokes equations and it does not lose the generality of the approach. 
However, the present calculation procedure with the full Navier-Stokes equations too is 
explained in Chapter 5.         
   
2.2.1.   Model formulation 
In the two-dimensional model formulation, a permeable, closed thin membrane Γ is 
allowed to move from its initial configuration due to unbalanced forces. The unbalanced 
forces may come from elastic forces, osmotic pressure difference across the membrane, 
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shear forces, adhesive forces etc. The membrane separates the whole fluid domain Ω into 
two sub-domains as Ω- and Ω+, where Ω- is the region enclosed by the membrane 
whereas Ω+ is the region outside of the membrane as illustrated in Fig. 2.1 (the 
combination of Γ and Ω- is called a capsule). Both sub-domains are filled with a binary 
solution of different solute concentrations. The following assumptions are made, which is 
fairly similar to Layton (2006). 
Those assumptions are listed below: 
i. Reynolds number at any point is very small so that inertia forces can be neglected. 
Therefore, the flow field can be described by the Stokes equations. 
ii. The acceleration terms of the Stokes equations are also neglected by assuming it 
to be very small. However, the pressure and velocity are still time-dependent 
because they change when membrane configuration changes.  
iii. Fluid properties (i.e., viscosity and solute diffusivity) are the same for both 
domains. Membrane properties are constant throughout (Note: different 
diffusivities are considered in Section 3.5 for an immersed drop. The required 
modification for the approach is presented there). 
iv. The binary solution is non-electrolyte and diluted. 
The governing equations of motion are thus given as follows:   
Fup
rr
+∇=∇ 2µ ,                    (2.9) 
    0. =∇ ur .        (2.10) 
Eqs. (2.9)-(2.10) can be written in the expanded form as below. 
),,()),,(),,((),,( 1 tyxFtyxutyxutyxp yyxxx ++= µ ,                           (2.11) 
),,()),,(),,((),,( 2 tyxFtyxvtyxvtyxp yyxxy ++= µ ,                           (2.12) 
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  0),,(),,( =+ tyxvtyxu yx ,        (2.13) 
where (x, y), t = spatial position and time, respectively, F1, F2 = singular force that arises 
from the interface in the x and y directions, respectively. The primitive variables p, u, and 
v are time dependent as the singular force terms F1 and F2 are functions of the 
configuration of the moving interface. 
The solute distribution is governed by the advection-diffusion equation given below: 
)),,(),,((),,().,,(),,().,,(),,( tyxctyxcDtyxctyxvtyxctyxutyxc yyxxyxt +=++ ,   (2.14) 
where c is the solute concentration and the solute diffusivity D is a constant throughout 
the computational domain Ω .   
With a permeable membrane, some solvent and solute could pass across the membrane, 
and hence Eq. (2.5) is no longer valid. The total volume flux across the membrane is 
assumed to be equal to the solvent volume flux across the membrane (Jv(s, t)) because the 
volume occupied by the solute can be neglected for a diluted solution. If the solvent 
volume flux Jv(s, t) is known, the membrane velocity ),( VUU =  can be calculated as 
given below:  
)cos().,()),,(()),,(( θtsJttsXuttsXU v−=
rr
,     (2.15) 
)sin().,()),,(()),,(( θtsJttsXvttsXV v−=
rr
,                             (2.16) 
where Jv is the solvent flux across the membrane and θ  is the angle between the x axis 
and the normal direction to the membrane nr . The first and second terms on the right hand 
side of each Eqs. (2.15) and (2.16) represent the motion due to singular forces and the 
membrane motion relative to the fluid, respectively. In this case, the no-slip boundary 
condition along the tangential direction of the membrane is assumed. The fluid velocity 
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near the interface (u, v) is calculated by interpolating the nearby grid point velocity 
values by the least-squares interpolation method (Li, 1994). The solvent volume flux and 
solute molar flux across the membrane are calculated using the Kedem-Katchalsky 
equations for binary diluted solutions (Kedem and Katchalsky, 1958). These equations 
have been obtained using irreversible thermodynamics theory for coupled-flows of 
solutes and solvent as follows: 
[ ] [ ]( )cRTpLJ absPv σ−−= ,                 (2.17)
 [ ]cRTcJJ absvs ωσ −−= ˆ)1( .      (2.18) 
Here Jv is the solvent volume flux (m3/m2 s, or m/s), Js  is the solute molar flux 
(mol/m2.s), R is the universal gas constant (J/mol.K), Tabs is the absolute temperature (K), 
[p] is the mechanical pressure jump (or difference) across the membrane (or interface) 
(N/m2), [c] is the solute concentration jump across the membrane (mol/m3), cˆ  is the 
average solute concentration across the membrane (mol/m3) and defined as [c]/ln( −+ kk cc / )  
where −kc  and 
+
kc  are the solute concentrations at immediate sides of the membrane in the 




 is the reflection coefficient of the membrane for a given solute, and ω
 
is 
the solute diffusive permeability coefficient of the membrane (mol/N.s). Note that the 
superscripts (+) and (-) represent the outer and inner domains, respectively. The terms 
RTabs[c] and ωRTabs are often called the osmotic pressure difference across the membrane 
and the solute diffusive permeability of the membrane, respectively.        
For a semi-permeable membrane, σ = 1 and ω = 0. If the membrane is equally permeable 
to both solute and solvent, σ = 0 and ω >0. For other fully permeable membranes, 0<σ  
<1 and ω >0 (which our present formulation is fully capable of). The jump of a variable 
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ψ  is defined at any point on the membrane and is given by 
).().()]([ nXnXX rrrrr ζψζψψ −−+= −+  as +→ 0ζ , where nr  is the normal outward 
direction to the membrane. 
In this formulation, the periodic boundary condition for both pressure (p) and velocities 
(u, v) and Neumann boundary condition for the solute concentration (c) are assumed 
along the boundary of the computational domain Ω. Other boundary conditions including 
Dirichlet are implemented in Chapters 4 and 5.  
The solute concentration boundary condition at the interface is that the solute molar flux 
at either side of the membrane is equal to the solute molar flux given by Eq. (2.18), i.e., 
[ ] [ ] snvnv JcDcJcDcJ =−=− +− ΓΓ .... ,                (2.19) 
where cn is the derivative of c with respect to the normal outward direction (n) to the 
membrane. 
Next, all the governing equations are non-dimensionalized by choosing the appropriate 
characteristic (or reference) values for different variables. Indeed, the selection of the 
characteristic values for different variables depends on the nature of the problem. For 
example, in capsules simulation under imposed simple shear flow, the time is often non-
dimensionalize using the shear rate (s-1). For the present formulation, the characteristic 
values are defined following Zinemanas and Nir (1995) for length r  (≡ the radius of the 
circle which has the same enclosed area as the initial capsule), velocity V (≡ LpRTabs∆c0), 
pressure p (≡ µ V / r ), time t (≡ Vr / ), membrane tension T (≡ Ee), and solute 
concentration c (≡ [c0]/ln( −+ 00 / cc )). Here ∆c0 is the initial solute concentration difference 
across the membrane (i.e., −+ −=∆ 000 ccc ) and ±0c is the initial constant solute 
concentration at either side of the membrane. pL  is the characteristic value of the 
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hydraulic conductivity. These characteristic values are used hereafter unless mentioned 
separately. 
In the present formulation, the definition of characteristic solute concentration ( )c  differs 
from Zinemanas and Nir (1995) in that the initial solute concentration ratio between the 
inner and outer domains (γ = +− 00 / cc ) is included in the present characteristic solute 
concentration. This is because the final equilibrium enclosed area of the capsule (at which 
no more mass transfer and fluid flow occurs) is a function of γ as can be seen in Chapter 
3.   
All the non-dimensional variables are denoted with an asterisk (*) mark. Then the 
governing Eqs. (2.11)- (2.14), (2.17), and (2.18) can be written in non-dimensional form 
and given below as 
*
1
*** )( ***** Fuup yyxxx ++= ,                 (2.20) 
*
2
*** )( ***** Fvvp yyxxy ++= ,      (2.21) 
0** ** =+ yx vu ,        (2.22) 




















v ,      (2.24) 














α = ratio between the diffusive and convective mass transports 











rVPe = = ratio between the convective and diffusive mass transport in 
fluid (Peclet number). 
Hereafter all the geometrical dimensions, velocity, pressure, solute concentration, and 
time are considered in non-dimensional form unless mentioned otherwise and the asterisk 
(*) mark has been dropped from the non-dimensional variables for simplicity. When the 
values of those variables are given in the dimensional form, their respective units are seen 
alongside the numerical values.  
 
2.2.2.  Discretization of computational domain  
The whole computational domain Ω  is discretized into a uniform Cartesian grid 
(standard grid). The numbers of grid points in the x and y directions are M+1 and N+1, 
respectively. Hence, referring to Fig. 2.1, the non-dimensional spatial grid size, h = 
( 12 aa − )/M = ( 12 bb − )/N, and it is a constant in both the x and y directions. At mth time 
step, time tm = m.∆t, where ∆t is the non-dimensional time step. The Cartesian grid points 
are xi = ai+(i-1).h, yj = bj+(j-1).h, i = 1, 2…M+1, j = 1, 2…N+1. 
As mentioned earlier, the capsule membrane Γ is represented by Nb numbers of control 
points. These control points are selected so that they are equi-spaced in the relaxed state 
of the membrane. Then the grid size for the unstretched membrane is equal to L/Nb, 
where L is the total circumferential length of the unstretched capsule. The kth control 
point at t = tm is denoted by ( mkmk YX , ), for k =1, 2,…Nb+1, where ( mNmN bb YX 11 , ++ ) = 
( mm YX 11 , ). The distance measured along the membrane with reference to the control point 
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1 is mks . The value of X
m
, Ym or sm at a point where the membrane and Cartesian grid 
intersects is calculated via the cubic interpolation.  
 
2.2.3.  Solving the equations of motion 
If the velocity, pressure and solute concentration fields, and the membrane configuration 
at t = tm are known, the membrane velocities at t = tm, ),( mmm VUUr , can be calculated 
using Eqs. (2.15) and (2.16) in non-dimensional form. Then the boundary control points 
are advanced explicitly as mmm UtXX .1 ∆+=+ and mmm VtYY .1 ∆+=+ , where ∆t is the 
non-dimensional time step. For the updated membrane configuration at t = tm+1, the jump 
conditions of pressure, velocity, and solute concentration are calculated as explained 
below. 
The equations of motion, Eqs. (2.20)-(2.22) can be solved as a coupled system by 
discretizing each equation by finite differences as reported in Tu and Peskin (1992) and 
Tan et al. (2009), or alternatively reduced these equations into three Poisson equations 
each for p, u, and v as reported in LeVeque and Li (1997). In the present work, the latter 
approach is used due to its ease of implementation. Layton (2006) also used the same 
approach to solve the equations of motion. By differentiating Eq. (2.20) with respect to x, 
Eq. (2.21) with respect to y, and adding the resulting equations together gives 
yxyyyxxyyyxxxxyyxx FFvvuupp ,2,1)( +++++=+ .    (2.26) 
By differentiating Eq. (2.22) two times with respect to x and y, and adding together gives  
    0=+++ yyyxyyyxxxxx vuvu .      (2.27) 
By combining Eqs. (2.26) and (2.27) gives 
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    yxyyxx FFpp ,2,1 +=+  or Fp
r
∇=∇ 2 .                (2.28) 
Eqs. (2.20) and (2.21) can be written in the following form as   
      1
2 Fpu x +=∇  ,                  (2.29) 
    2
2 Fpv y +=∇ .       (2.30) 
Now, if the membrane configuration is given, the right hand side term of Eq. (2.28) is 
known, and hence p is calculated by solving the Poisson equation. Once p is known, Eqs. 
(2.29) and (2.30) are solved independently for u and v, respectively. The three Poisson 
equations Eqs. (2.28)-(2.30) are discretized using central finite differences  at grid point 
















































































































+ ,         (2.33) 
for 2 ≤ i ≤ M and 2 ≤ j ≤ N. In practice, the singular force terms are eliminated from Eqs. 
(2.28)-(2.30) during the discretization and a correction term is added to each derivative 
term to incorporate jumps of variables. Therefore, the correction term )( 2
,
pC ji ∇ is added 
to Eq. (2.31) for p2∇  and so on. These correction terms are computed using the Taylor 
series expansions at intersection points between interface and uniform mesh. Then the 
















































ψ ,        (2.34) 
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 { }121111, 111 ])[2/(][][2
1)( +++ ++−= mIxxmIxmIxji phphphpC ,      (2.35) 
{ }122121, 222 ])[2/(][][2
1)( +++ ++−= mIyymIymIyji phphphpC ,      (2.36) 
where ψ  represents p or u or v, I1 and I2 are the intersection points between (i, j) and 
(i+1, j), and (i, j) and (i, j+1), respectively. Here, ,,




Iψ is the jump of variable ψ  at point I1 at t = tm+1 and so on. The grid points in the 
immediate vicinity of the membrane are called irregular grid points if the central finite 
difference schemes at those points involve grid points from both sides of the membrane 
(i.e., ±Ω ). More details about these correction terms are given in Appendix A. For 
+Ω∈),( ji  and other mode of intersections including two intersections between two 
successive grid points, the above correction terms are different and they are calculated in 
the same way as detailed in Le (2005). It is seen that jumps of variables are needed to 
compute these correction terms. If ][ψ  and ][ nψ (i.e., jumps of variable and its normal 
derivative) are known, the other jumps ][ xψ ,   ][ yψ , ][ xxψ , and ][ yyψ  are computed by a 
simple co-ordinate transformation as detailed in Le (2005) and Li and Ito (2006).  Hence, 
the required jump conditions for the field variable and its normal derivative are given 
below.     
In the present work, the governing equations of motion, Eqs. (2.9) and (2.10) are the 
same as LeVeque and Li (1997) and Layton (2006). In other words, the membrane 
permeability condition does not appear or influence directly the equations of motion. The 
permeability condition of the membrane is used only when updating the membrane 
configuration (see Eqs. (2.15) and (2.16)). As such, the same jump conditions of 
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LeVeque and Li (1997) developed for the (impermeable) membrane are valid and 
applicable for the present study too. These jump conditions are derived using the Poisson 
Eqs. (2.28)-(2.30) and the Green’s integral theorem. They are given in the non-

































,       (2.37) 
where VEe µβ /=  (which is the ratio between elastic and viscous forces), fN and fT are 
the non-dimensional form of the normal and tangential components of the force strength 
fr . 
As already mentioned, the no-slip boundary condition in the tangential direction to the 
membrane is assumed. The fluid velocity in the normal direction to the membrane in 
either side equals to the difference of membrane velocity and bulk volume flux across the 
membrane. Therefore, at any point on the membrane, the fluid velocity in either side of 
the membrane is the same, and hence it is obtained, 
    [u] = [v] = 0.                                  (2.38) 
With known correction terms, the discretized Poisson Eqs. (2.31)-(2.33) is then solved 






2.2.4 Solving the transport equation 
Once the primitive variables pm+1, um+1, vm+1 and the membrane position (Xm+1, Ym+1) are 
calculated, the solute concentration field at tm+1 is updated according to Eq. (2.23). This 
equation is solved fairly similar to Layton (2006) using the IIM .The diffusive term is 
discretized implicitly while the convective term is treated explicitly to avoid restriction 
on ∆t, hence giving rise to 




































                          (2.39) 
where Qi,j is a temporal correction term and is non-zero only if the membrane crosses the 
grid point (i, j) at a time between tm and tm+1. The right hand side of Eq. (2.39) is known 
since the solute concentration and its jumps at t = tm are already available. However, the 
spatial correction term for the diffusion term on the left hand side is not known as the 
solute concentration jumps at t = tm+1  are yet to be calculated. Following Layton (2006), 
to calculate cm+1 according to Eq. (2.39), the jump conditions at t = tm+1 are first 
approximated through computing a provisional concentration field cp,m+1 (indicated by 
superscript ‘p’) by explicit integration of Eq. (2.23) as 


































  (2.40) 
Then the concentration jump conditions at t = tm+1 are approximated as [c]m+1 = [cp]m+1 
and [ nc ]m+1 = 1][ +mpnc , and then the implicit diffusion Eq. (2.39) is solved for cm+1.  
After calculating the solute concentration field, the boundary concentration values are 
updated at tm+1 according to Eqs. (2.41) and (2.42) which are derived below. The whole 
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procedure is repeated till the solute concentration in either domain (Ω- or Ω+) becomes 
uniform over the respective domain, i.e., the steady state (or final equilibrium) when 
ξ<− +±+± 1,min1,max mm cc  for some .ξ  Here, 1,max+± mc and 1,min +± mc  denote respectively the maximum 
and minimum solute concentrations in either domain.  
The integration for calculating the solute amount in each domain is performed via two-
dimensional Newton-Raphson method.  
The jumps in the solute concentration and its normal derivative (i.e., [c] and [cn]) cannot 
be calculated from the membrane configuration or the boundary elastic forces. Therefore, 
the solute concentration jump conditions for a permeable membrane are calculated 
numerically as explained below. This is the first time calculation for the concentration 
jump conditions for use with the Kedem-Katchalsky relations (Eqs. (2.17) and (2.18)); 
this approach is different from Layton (2006) which is based on the semi-permeable 
condition and a time-splitting approach.   
At t = tm, four points are defined along the normal line to the membrane as ,qhX
m
±  
where q = 1, 2 at each control point. These points are marked as (k, 1), (k, 2), (k, 3) and 
(k, 4) at the kth control point as shown in Fig. 2.3. The solute concentration values at these 
defined points are calculated by one-sided least squares interpolation of nearby grid-point 
concentration values with an error of O(h2). The interpolated concentration values at (k, 
1), (k, 2), (k, 3) and (k, 4) are represented by 3,2,1, ,, kkk ccc and 4,kc , respectively. The 
boundary concentration values at the kth control point are named as ck- and ck+ in Γ - and Γ 
+
 sides, respectively.  
By discretizing  the non-dimensional form of the boundary condition given by Eq. (2.19) 
along the normal line in either side of the membrane (Γ±) with an error of O(h2), the 
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boundary concentration values at the immediate sides of the membrane (ck- and ck+) for t 
















































c .     (2.42) 
Thus, the solute concentration jumps are calculated as 
,][ ,, mkmkmk ccc −+ −=  k = 1, 2,…,Nb.                 (2.43) 
From the non-dimensional form of Eq. (2.19), it is obtained as 
             
( )mkmkmvmkn ccPeJc ,,, ][ −+ −=  k = 1, 2,…,Nb.                                          (2.44) 




ksJ = 0, k = 1, 2…Nb.  
 
2.2.5.  Summary of the main procedure on the calculation 
The main steps of the calculation procedure can be summarized below. For the given 
membrane configuration (Xm, Ym), primitive variables (pm, um, vm), and solute 
concentration (cm) at t = tm, the variables  pm+1, um+1, vm+1, cm+1 and (Xm+1, Ym+1) are to be 
calculated for t = tm+1. 
i. Calculate the boundary force strength (fN, fT) at all the control points.  
ii. Calculate the solvent volume flux and the solute molar flux across the membrane, 
( msmv JJ , ) using Eqs. (2.24) and (2.25), respectively. Calculate the concentration 
jump conditions ([c], [cn]) for t = tm.  
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iii. Calculate the velocities for all the control points (Um,Vm) and update the membrane 
configuration (Xm+1,Ym+1). Calculate the pressure and velocity jump conditions for t 
= tm+1. 
iv. Calculate the velocity and pressure fields, um+1, vm+1 and pm+1 using Eqs. (2.28)-
(2.30), respectively. 
v. Calculate the solute concentration field (cm+1) using Eq. (2.39). 
vi. Go to step i and continue the procedure for the next time step. 
 
2.3. Comparison between the IB method and IIM for an impermeable 
capsule 
A model problem is solved using both the IB method and IIM to see the difference 
between two methods. The initial shape of the immersed interface Г is assumed as a 
stretched ellipse of major and minor axis 0.75 and 0.5, respectively. The unstretched 
shape is assumed as a circle having a radius of 0.5. The impermeable membrane is 
assumed as linear elastic with Ee = 0.5. The whole computational domain is [a1, a2] x [b1, 
b2] = [-1, 1] x [-1, 1] (see Fig. 2.1). The initial ellipse shape capsule deforms due to the 
unbalanced elastic forces. Theoretically, the enclosed area of the capsule is a constant 
since the membrane is impermeable. Therefore, the radius of the equilibrium circular 
capsule is to be .6124.05.075.0 =x  Figure 2.4(a) shows the evolution of the membrane 
configuration when using IIM. It is seen that the initial ellipse shape capsule reaches a 
circular equilibrium shape. The evolution of the major and minor axis radii for the IB 
method and IIM are shown in Fig. 2.4(b). It is found that the major and minor axis radii 
reach 0.6177 and 0.6173, respectively when using the IIM. These IIM results can be 
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improved considerably by using a finer grid. It is clear that the capsule reaches a circular 
shape and then shrinks continuously when using the IB method. That means the enclosed 
mass is not conserved for the current calculation using the IB method, and it clearly 
shows the robustness of the IIM compared to the IB method. Next, the pressure 
distribution at the initial and at t = 500 are shown in Fig. 2.5. It is seen that the 
discontinuity of pressure across the membrane can be captured more accurately by using 
the IIM rather than the IB method. When using the IB method the pressure is smeared out 
across the interface as seen in Figs 2.5(a) and (b). The pressure at t = 500 inside the 
capsule obtained from the IB method is much smaller than the corresponding pressure 
obtained from the IIM due to the fact that the capsule shrinks continuously when using 
the IB method. It is found that the computational time needed for both the IB method and 
IIM to solve the present problem are fairly similar.  
It should be mentioned that when the IB method is used to solve the full Navier-Stokes 
equations with the projection method, still the mass conservation would not be satisfied 
well, and hence some corrections for the loss of mass is needed (Stokie, 2009).  
It should be noted that the assumptions (ii) in Section 2.2.1 is validated by solving the 
above problem by including the velocity acceleration terms in the Stokes equations (Eqs. 
2.11 and 2.12) and using the IIM. It is found that the added acceleration terms have no 
significant effects on the above reported results such as in Fig. 2.4. 
For the above IIM calculation, a grid refinement test is performed by choosing M=N= 
640 as the finest grid to prove the second order accuracy of the method. As can be seen in 
Table 2.1, the pressure and velocity have the second order accuracy when using the IIM 
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40 3.8549E-001  3.3882E-004  3.4085E-004  
80 9.0809E-004 - 7.2864E-005 4.6500 7.6845E-005 4.4356 
160 2.2657E-004 4.0080 1.4965E-005 4.8690 2.1949E-005 3.5011 
320 4.3057E-005 5.2621 2.6796E-006 5.5848 5.0546E-006 4.3424 
 
Table 2.1 The errors in the computed p, u and v at t = 0 when using the IIM. pN, uN, vN represent 
























Figure 2.3 Sketch for the calculation of the solute concentration values along a normal 
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Figure 2.4 Variation of the shape of the capsule. (a) evolution of the membrane when 





















































Figure 2.5 Comparison between the pressure fields obtained from the IB method and IIM. (a) 
IB method, initial pressure; (b) IB method, pressure at t = 500; (c) IIM, initial pressure; (d) IIM, 





On the Deformation and Osmotic Swelling of an Elastic 
Membrane Capsule and a Rising Droplet in Stokes Flows* 
 
The IIM model formulated in Section 2.2 of Chapter 2 is applied to a permeable capsule 
suspended in fluid (See Fig. 3.1). Also, the model is further extended to simulate a rising 
droplet with mass transfer. 
 
3.1.  Introduction 
In this work, mass transport across a deformable swelling capsule immersed in a 
hypotonic medium under Stokes flows is simulated. The membrane is considered as 
either semi-permeable (only solvent can pass across the membrane) or fully permeable 
(both solvent and solute can pass across the membrane). The way of swelling and 
deformation is examined for different solute concentration fields and membrane 
permeability properties. Furthermore, the numerical method is extended for a rising 




                                                           
*
 A part of this chapter has been published as “Jayathilake, P.G., Zhijun Tan, Khoo, B.C., and 
Wijeysundera, N.E., 2010. Deformation and osmotic swelling of an elastic membrane capsule in 




3.2. Literature review 
A fluid particle of semi-permeable membrane when kept in a constant gradient of solute 
concentration can move due to the osmotic gradient and is called the osmophoretic 
motion of the fluid particle. Gordon (1981) suggested that this mechanism may be used to 
explain chemotactic motion of cells (Devreotes and Zigmond, 1988). Up to date some 
researchers have simplified and analyzed this phenomenon by assuming that the semi-
permeable membrane is rigid (Anderson, 1983; Keh and Tu, 2000; Chen and Keh, 2003; 
Hsu and Keh, 2006). Zinemanas and Nir (1995) extended the work of Anderson (1983) to 
be more realistic by relaxing the assumption and allowing the membrane to deform. In 
osmophoretic motion, the capsule swelling and deformation are considered as integral 
and key features to characterize the observed phenomenon (Zarda et al., 1977). 
Zinemanas and Nir (1995) studied the dynamics of a non-spherical semi-permeable 
capsule immersed in a hypotonic medium (which has a lower solute concentration than 
that of the capsule). The results show that capsule swelling and deformation depend very 
much on osmotic load (i.e. the initial solute concentration difference across the capsule 
membrane) and membrane rheology.  On the early works on pure swelling of biconcave 
red blood cells, Zarda et al. (1977) and Pain and Weymann (1980) carried out numerical 
studies without considering fluid and membrane dynamics. They calculated only the final 
equilibrium configuration of the cell and obviated the transient process of swelling.  
Among the theoretical works on the osmotic swelling of biological cells, Ultman (1972) 
performed a theoretical calculation on pure swelling of a spherical red blood cell with 
membrane mechanics which is feasible provided the shape is invariant. Other theoretical 
works on pure swelling of biological cells without considering the membrane mechanics 
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were reported by Lucke et al. (1931), Johnson and Wilson (1967), Shaafi et al. (1971), 
Peres and Andrietti (1976), Owen and Galey (1977), Galey (1978), and Katkov (2000, 
2002) where one focus was aimed at the membrane permeability properties of biological 
cells. Sherwood et al. (2003) performed a theoretical and experimental work on pure 
swelling of a capsule consisting of salt solution and polyelectrolyte and suggested a 
simple method to evaluate membrane mechanical properties by measuring the rates of 
change of capsule volume. The above review reaffirms that numerical study on mass 
transfer across deformable capsules of permeable membranes is still rather lacking.  
 
3.3  Model formulation and numerical method 
The IIM model formulated in Section 2.2 is used here. The shape of the interface 
(membrane) is circular or elliptical shape (see Fig 3.1). For simplicity the bending 
rigidity of the membrane is neglected for the present work, i.e. Tb = 0 in Eq. (2.4) (But, 
the bending is considered in Chapters 4 and 5). In all the works (in Chapters 3, 4, and 5), 
the membrane is assumed to be a Neo-Hookean membrane, which is fairly realistic for 
simulating biological cells, and its elastic tension is given by (Bagchi et al., 2005)  






=ε , and as is the arc length of the unstretched membrane (i.e., the stress free 
membrane configuration). The scalar Ee describes the elastic properties of the membrane, 
which is assumed to be uniform along the membrane. 
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The same boundary conditions defined in Section 2.2 are used here. Therefore, periodic 
boundary condition for both pressure (p) and velocities (u, v) and Neumann boundary 
condition for the solute concentration (c) are assumed along the boundary of the 
computational domain Ω.  
All the numerical results are presented in non-dimensional form unless mentioned 
otherwise. When the values of model variables are given in the dimensional form, their 
respective units are seen alongside the numerical values.  
 
3.4 Results and discussions 
In the non-dimensionalization process, it can be identified that there are five main 
dimensionless parameters (δ, α, γ, β, and Pe) which govern the swelling and deformation 
of a capsule in a Stokes flow. All these dimensionless parameters except for γ were used 
in previous studies. In the present work, the swelling and deformation characteristics of a 
deforming capsule in Stokes flows is studied for various osmotic loads (∆c0, i.e. the 
initial solute concentration difference across the membrane), the initial concentration 
ratio between the inner and outer domains (γ) and the membrane permeability properties 
(Lp and ω). These parameters govern the capsule swelling and deformation.      
 
3.4.1.  With semi-permeable elastic membrane (σ = 1, ω = 0) 
The values used for physical parameters are selected so that they are in the range of those 
values of a typical biological system (Anderson, 1983; Zhang et al., 2008). The 
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computational domain is a square with 1a  = 1b  = -10 µm and 2a = 2b = 10 µm (see Fig. 
3.1). The physical parameters of the membrane and fluid are chosen as Ee = 4.3 µN/m, µ = 
4x10-3 N s/m2, Tabs = 300 K and D = 1.5x10-9 m2/s. The universal gas constant, R = 8.314 
J/mol K and the characteristic hydraulic conductivity, pp LL = . For a semi-permeable 
membrane, it is known that σ = 1 and ω = 0, and hence Js = 0 always. All calculations are 
done with M = N = 64 and Nb = 96. The non-dimensional time step ∆t is O(h/200). Note 
that when values of variables are given along with their respective units, those values are 
in the dimensional form.  
The accuracy of the numerical procedure is first verified by two numerical examples; one 
for the transient solution and another for the final equilibrium state.     
In the first example, the initial membrane configuration Г is selected as a stretched circle 
with the radius of 5 µm. It is assumed that initially the capsule has swelled from an 
unstretched circular capsule of radius 4 µm. For this case, if δ>>1, an analytical solution 
for the transient of capsule enclosed area can be derived as given in Appendix B. The 
respective values of the solute concentration in the inner and outer domains are selected 
as 2x10-6 and 1x10-6 mol/m3, which gives δ = 3.45x102. Since δ is large compared to 1, 
the mass flux across the membrane is governed by the elastic pressure difference across 
the membrane rather than the osmotic pressure difference. Therefore, the capsule shrinks 
to its unstretched radius of 4 µm so that the mass flux across the membrane vanishes at 
the equilibrium. The hydraulic conductivity of the membrane is chosen as Lp = 1x10-5 
m
2s/kg, which is several orders higher than typical values of Lp for the reason that the 
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capsule could reach the equilibrium in a much shorter time, which reduces the 
computational effort. 
A comparison between the analytical solution and the numerical solution of the capsule 
enclosed area (A) is given in Fig. 3.2. For this simple example, an excellent agreement 
between the analytical and numerical solutions of the transient of the capsule enclosed 
area can be seen.  
In the second example, quite similar to Zinemanas and Nir (1995), the initial membrane 
configuration Г is chosen as an unstretched ellipse with the major and minor axis radii of 
rmax = 6 µm and rmin = 4 µm, respectively so that capsule deformation can be seen (if the 
initial configuration is a circle, only capsule swelling/shrinking will occur as deduced 
from the previous example). In Zinemanas and Nir (1995), the initial unstretched 
membrane configuration is an oblate spheroid with the aspect ratio of 3.  For the present 
geometrical values, the equivalent radius of the capsule can be calculated as 
minmax rrr = , which gives 4.899 µm, and it is used as the characteristic length in the non-
dimensionalization process. The hydraulic conductivity of the membrane is selected as Lp 
= 1x10-8 m2s/kg, which is in the range of typical values for biological systems. In this 
example, all the model variables at the equilibrium are compared with the analytically 
calculated values. It is clear that at the equilibrium the solute concentration and fluid 
pressure in either domain (Ω+ or Ω-) are constants because there do not exist pressure and 
concentration gradients in either domain at the equilibrium. Since the initial membrane is 
unstretched and its bending stiffness is negligible, a constant pressure at either domain 
occurs when the capsule comes to a circular shape, and hence the equilibrium shape is 
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assumed to be circular (however, for δ>O(1) the capsule may not reach a circular 
equilibrium shape due to the lack of swelling). And also, at the equilibrium, the solvent 
flux across the memebrane (Jv) is zero. Consequently, the analytical steady state values of 
the capsule radius (req) and solute concentration field (ceq) are calculated by setting Jv in 
Eq. (2.17) to be zero at the equilibrium (note that Jv is non-zero before the equilibrium is 
achieved) as  
 
Eq. (3.2) is solved fairly similar to Layton (2006). Thus, considering the fact that the final 
capsule configuration is circular, it is obtained from the force balance between the 





rTf −=  Due to 
the semi-permeability of the memebrane, the solute mass is conserved within each 




























 Finally, it is obtained from Eq. (3.2) that, 
    
 
From Eq. (3.3), it is seen that the equilibrium capsule radius (req) depends only on δ and γ 
( ±0c  in Eq. (3.3) can be represented by δ and γ). Eq. (3.3) is solved by the Newton-
Raphson method to find req for the given initial conditions (i.e., the initial capsule enclosed 










































σδ                (3.3) 
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domain is calculated as the relevant area and solute mass are known. A comparison for the 
equilibrium capsule enclosed area (Aeq≡ pi 2eqr ) for various δ values at γ = 2 are shown in 
Fig. 3.3. A good concurrence between the numerical and analytical values is seen for δ 
<O(1). For δ≥ O(1), the agreement is less, even though, the trend is still clearly 
discernible. The reason for the apparent discrepancy is attributed to the rate of swelling 
being increasingly very small for δ≥ O(1) with the selected parameter of Lp = 1x10-8 
m
2s/kg. As such, in the simulation there would require (relatively) much longer time 
period and hence many more time-steps to reach the equilibrium or steady state vis-a-vis 
the situation under the condition of high rate of swelling. In doing so, there is hence 
overall larger numerical inaccuracy incurred here. Indeed, separately, a simulation for a 
very different case of much larger Lp at 1x10-3 m2s/kg and for δ≥ O(1) is done since then 
the expected rate of swelling is much greater according to Eq. (B.1) in the Appendix. The 
simulated results obtained at the steady state have very good agreement with the analysis 
since the number of time-steps is limited with much lower concomitant numerical 
inaccuracy incurred. From Fig. 3.3, it can be suggested that the equilibrium enclosed area 
strongly depends on δ in the range of O(10-2)-O(102). When δ>O(102), the elastic pressure 
difference across the memebrane is more dominant than the osmotic pressure difference, 
and hence the capsule enclosed area does not change much as the equilibrium is achieved 
at nearly zero elastic pressure difference (i.e., a very small elastic pressure difference is 
enough to balanced the osmotic pressure difference at the equilibrium). When δ<O(10-2), 
the osmotic pressure difference is dominant, and thus the capsule enclosed area increases 
till the solute concentration difference almost vanishes, which occurs at about Aeq/pi = 1.68 
(the equilibrium solute concentration difference is about 0.004% of the initial value) . For 
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the case of δ = 3.52x10-5, a quantitative comparison of the variables between the 
numerically and analytically computed models at the equilibrium are shown in Table 3.1. 
It is clear that the percentage errors of all the variables are less than 1%, which indicates 
that the current numerical procedure gives acceptable results. In Layton (2006), it was 
needed to use a much finer grid of M, N >160 to ensure that the errors are less than 1%.  
Moreover, the first example given in Layton (2006) is repeated here with the same 
parameters using our numerical approach, and it shows that the errors of the equilibrium 
capsule area and enclosed mass are less than 1% at M = N = 40 (results not shown).  
As mentioned earlier, the capsule deforms while swells in this second example in contrast 
to the first case where only swelling/shrinking occurs. Further results of the second 
example are given below for the case of δ = 3.52x10-5 leading to the characteristic time of 
t = 1.96x10-2 s (all non-dimensional times in this chapter are based on this value 
hereafter for ease of comparison).       
Figures 3.4(a) and (b) show the evolution of the solute concentration on y = 0 plane and 
the corresponding membrane configuration at different times, respectively. Since δ is 
very small compared to 1, the osmotic pressure difference across the membrane is 
dominant compared to the elastic pressure difference; hence at the equilibrium the solute 
concentration difference across the membrane is almost zero such that the solvent volume 
flux across the membrane vanishes (see Fig. 3.4a). As expected the membrane 
configuration comes to an equilibrium circular shape with a piece-wise constant pressure 
distribution in the inner and outer domains and the enclosed area increases due to 
swelling. The evolution of the aspect ratio (AR), capsule enclosed area (A), enclosed 
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solute mass ( −SM ) and average solute concentration of the capsule ( −avc ) are shown in 
Fig. 3.5. Because the membrane is semi-permeable, it does not allow the solute to pass 
across the membrane and the total solute amount enclosed by the membrane remains the 
same at the initial enclosed solute mass. This solute mass conservation is satisfied well as 
can be seen in Fig. 3.5.  During the swelling process the solvent passes into the capsule 
from outside and the enclosed area of the capsule increases while the average solute 
concentration of the capsule decreases. Indeed, the enclosed area and the average solute 
concentration of the capsule are inversely proportional since the enclosed solute mass is 
constant. The initial aspect ratio of 1.5 tends monotonically towards 1.0 because the final 
equilibrium configuration is circular. It can be seen that after t = 2.0 the variations of 
variables are minimal. However, according to Fig. 3.4, the final equilibrium is reached at 
around t = 10. This is because the equilibrium of the system is decided when the solute 
concentration in each domain is a constant within an error of ξ  = 10-5. To satisfy this 
condition, it takes a much longer time.    
Next, further numerical investigations are performed with physical parameters fairly 
similar to those of the second example. That is, 1a  = 1b  = -10 µm, 2a = 2b = 10 µm, Ee = 
4.3 µN/m, µ = 4x10-3 N s/m2, D = 1.5x10-9 m2/s, and Tabs = 300 K . The initial unstretched 
membrane is an ellipse of which the major and minor axis radii are rmax = 6 µm and rmin = 
4 µm, respectively. The rest of the parameters are mentioned at the beginning of each 




I.  Effect of osmotic load, ∆c0 
The effect of osmotic load ∆c0 on capsule swelling and deformation is tested. The 
hydraulic conductivity of the membrane is set to be Lp = 1x10-8 m2s/kg. The selected 
osmotic loads are 1x101, 1, 1x10-1, 1x10-2, and 1x10-3 mol/m3. The initial concentration 
ratio γ is kept at 2.0. When changing the osmotic load ∆c0, the non-dimensional 
parameters δ and β change accordingly; however δ/β = µ pL / r , which is a dimensionless 
number used to analyze mass transfer in the absence of interfacial tensions (Anderson, 
1983), is a constant. The corresponding values for δ are 3.52x10-5, 3.52x10-4, 3.52x10-3, 
3.52x10-2 3.52x10-1, which are of the order of δ values used by Zinemanas and Nir 
(1995). In Fig. 3.6(a), the values presented within the small box enclosures are the 
analytical calculated capsule enclosed area at the equilibrium for the respective cases. 
Figure 3.6(a) shows that the transient of the enclosed area is sensitive to the osmotic load 
∆c0. The capsule enclosed area reaches its final equilibrium state more rapidly when ∆c0 
is larger (i.e. δ is smaller) as the capsule is far from its equilibrium, and hence the capsule 
has more potential to swell. In other words, as ∆c0 increases the initial osmotic pressure 
difference RTabs∆c0 increases proportionally, and hence the inward solvent flux across the 
membrane is enhanced. This causes the capsule to swell faster for larger ∆c0 values.       
The variation of the average solute concentration of the capsule presented in Fig. 3.6(b) is 
inversely proportional to the transient variation of respective capsule area because the 
solute mass is conserved within the capsule. Figure 3.6(c) shows the effect of ∆c0 on the 
aspect ratio of the capsule. It can be seen that the initial elliptical shape of the capsule 
deforms quickly to a circular shape for larger ∆c0 values. Note that the plots are trimmed 
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at t = 50, and hence the final equilibrium states for smaller ∆c0 values are not seen. When 
∆c0 is decreased (i.e. δ is increased) it takes a much longer time to reach the final 
equilibrium shape (for δ = 3.52x10-2 and 3.52x10-1, the capsule reaches the final 
equilibrium circular shape at around t = 100 and 500, respectively). On comparing Figs. 
3.6(a) and (c), it is interesting to note the following. For the highest value of ∆c0 (i.e., the 
smallest δ), the capsule swells to the equilibrium enclosed area first (at about t = 4), and it 
reaches the equilibrium circular shape later (at about t = 12). However, for other ∆c0 
values, the swelling capsule first reaches the equilibrium circular shape and then 
continues pure swelling till the enclosed area attains the equilibrium value. The possible 
explanation is that for the highest ∆c0 the osmotic pressure is very large compared to the 
elastic pressure, and thus swelling is faster than the deformation (unbalanced elastic 
forces cause capsule deformation). 
The present results cannot be compared directly with Zinemanas and Nir (1995) since the 
latter is three-dimensional and the membrane material is different from ours. However, 
the trend on the swelling and deformation is quite similar in both works (not shown here). 
Zinemanas and Nir (1995) studies the dynamics of the swelling process of an initially 
oblate spheroid capsule at zero Pe number for δ values less than O(10-2). The results 
show that the capsule swelling and deformation depends on the osmotic load (∆c0) in the 





II. Effect of initial solute concentration ratio, γ 
Figure 3.7 shows the effect of the initial solute concentration ratio γ on the capsule 
swelling and deformation at the constant osmotic load of ∆c0 = 1x101 mol/m3 and the 
hydraulic conductivity of Lp = 1x10-8 m2s/kg. Thus, the dimensionless parameters δ and β 
remain at constant values since they do not depend on the initial solute concentration 
ratio. In Fig. 3.7(a), the numerical values given in the small box enclosures are the 
analytically calculated equilibrium enclosed area for respective cases (as mentioned 
earlier the equilibrium enclosed area is a function of γ). When the initial solute 
concentration ratio γ is high, the capsule swells to a large enclosed area to cause the 
osmotic pressure difference balanced at the equilibrium; hence it takes a longer time to 
reach the final equilibrium state when γ is increased as shown in Fig. 3.7(a). The rate of 
swelling is a function of [c]
 
(see Appendix B). Therefore, the constant rate of swelling at 
the initial stage is to be expected since [c] = -∆c0 initially and is a constant for all the γ 
values. In contrast to Fig. 3.7(a), the different initial swelling rates in Fig. 3.6(a) are due 
to different osmotic loads. Although the osmotic load ∆c0 has a noticeable influence on 
capsule deformation, the initial solute concentration ratio γ does not affect the 
deformation as much, which can be seen for Fig. 3.7(b). It reveals that at constant 
osmotic load ∆c0, the variation of the initial solute concentration ratio γ has no much 
influence on capsule deformation. On comparing Figs. 3.7(a) and (b), it is clear that both 
the deformation and swelling stabilize or exhibit limited change after t = 10 for all γ 
values in contrast to the earlier case of effect of ∆c0. The possible reason is that the elastic 
and osmotic pressures are almost the same for all the γ values considered since δ is 
constant, and hence the speed or rate of change of swelling and deformation becomes 
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weakly dependent on γ (note that swelling happens due to solvent flux across the 
membrane).        
 
III. Effect of hydraulic conductivity, Lp 
Next, the effect of the hydraulic conductivity of the membrane Lp on capsule swelling 
and deformation is examined. The selected values for Lp are 1x10-8, 1x10-9, and 1x10-10 
m
2s/kg. The initial solute concentrations in the inner and outer domains are kept at 2x101 
and 1x101 mol/m3, respectively, which gives ∆c0 = 1x101 mol/m3. The dimensionless 
parameter β therefore varies inversely with Lp while δ and γ remain constant at 3.52x10-5 
and 2, respectively. Figure 3.8 shows the transient profiles of the capsule enclosed area 
and the aspect ratio. It is clear that the transients of A and AR given in Fig. 3.8 are fairly 
similar to those given in Fig. 3.6 for equal β values. However, δ is a variable in Fig. 3.6 in 
contrast to δ being a constant in Fig. 3.8. For small δ values, the osmotic pressure is more 
dominant than the elastic pressure and hence it is obtained from Eq. (2.17) 
that ].[cRTLJ abspv σ≈  As such, the solvent flux across the membrane is almost similar for 
these two cases as Lp[c] is nearly the same. Therefore, the identical characteristic 
behaviors between Figs. 3.6 and 3.8 are deemed reasonable since δ is small. It means that 
the manner of swelling and deformation of the capsule is not so affected by change of δ 
when it is less than say O(10-2), and thus the behavior of the capsule is determined 




3.4.2.  With fully permeable elastic membrane (0 ≤ σ < 1, ω > 0) 
Layton (2006) work is limited to a capsule with a semi-permeable membrane, whereas 
the present numerical approach is more general and (easily) extendable for the fully 
permeable case. Therefore, this is an extension of the calculation for the semi-permeable 
capsule to see how the solute permeability of the membrane (ωRTabs) affects capsule 
swelling and deformation. When the membrane is fully permeable, both the solute and 
solvent can pass across the membrane and therefore the solute mass enclosed by the 
membrane is not a constant. It will either increase or decrease depending on the net 
transport of the solute is inward or outward of the capsule. For this case the solute flux 
across the membrane (Js) given by Eq. (2.18) is non-zero and all other equations are the 
same. All the geometrical dimensions ( 1a , 2a , 1b , 2b , rmax, rmin), the fluid properties (µ, D) 
and the membrane elastic property (Ee) are the same as those values used in the 
investigations for the semi-permeable case (i.e., those given in the paragraph just before 
the investigation for ∆c0 in Section 3.4.1). The respective values for the reflection 
coefficient for the solute (σ) and the hydraulic conductivity (Lp) are chosen as 0.5 and 
1x10-8 m2s/kg. The inner and outer domain solute concentrations are selected as 2x101 
and 1x101 mol/m3, respectively (or ∆c0 = 1x101 mol/m3). As such, the calculated values 
of the dimensionless parameters are δ = 3.52x10-5, β = 4.31, γ = 2.0 and Pe = 8.15x10-1. 
For the fully permeable membrane, the solute permeability coefficient ω is non-zero, and 
hence α >0. The time step is O(h/20). 
Figures 3.9 and 3.10 show the transient variations of some model variables for ωRTabs = 
1.0x10-6 m/s (and thus α = 4.01x10-3).  
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Figure 3.9(a) shows the variation of the solute concentration on y = 0 plane and it is quite 
similar in shape to the corresponding variation of the semi-permeable capsule (see Fig. 
3.4a). Since δ<<1, the elastic pressure difference is unimportant compared to the osmotic 
pressure difference across the membrane, and hence the final equilibrium is achieved 
when the solute concentration jump [c] is zero so that both solute and solvent fluxes 
across the membrane vanish. Therefore, the uniform solute concentration at the 
equilibrium is found analytically to be 0.8238 since the solute mass is conserved within 
the computational domain of Ω. As can be seen in Fig. 3.9(a), the numerically calculated 
value of the solute concentration at t = 22.728 is 0.8307, which is close to the mentioned 
analytical value of 0.8238. As can be seen in Fig. 3.9(b), the initial ellipse shape of the 
capsule deforms and swells to a circular configuration. The capsule is swelled as the 
solvent passes into the capsule. Since the capsule reaches the final equilibrium 
configuration when the solute concentration becomes uniform over the computational 
domain, the capsule swelling continues till the solute concentration difference vanishes 
(i.e., [c] = 0 at the equilibrium).     
Figure 3.10 shows the transient variations of few model variables for the fully permeable 
capsule. As also seen previously for the semi-permeable case (Section 3.4.1), now the 
capsule enclosed area increases due to the passing of solvent into the capsule and finally 
it reaches the value of 2.3988. Since the membrane is fully permeable, the solute can pass 
across the membrane and the convective and diffusive transport of the solute are 
represented by the first and second terms of right hand side of Eq. (2.18), respectively. At 
any point on the membrane, the solute convection across the membrane takes place along 
with the solvent transfer, and the solute diffusion happens in the opposite direction to the 
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solute concentration gradient across the membrane. In the present case, according to the 
above initial solute concentration field, the solute convection across the membrane takes 
place from the outer domain to the inner domain while the solute diffusion occurs in the 
opposite direction, and the resultant solute transport occurs in the direction of convection 
as the enclosed total solute mass increases with time as can be seen in Fig. 3.10. It can be 
seen that the solute mass of the outer domain decreases accordingly as the total solute 
mass of the computational domain is constant (i.e., +− + SMSM is a constant). The 
percentage increase of the enclosed solute mass is less than that of the enclosed area, and 
hence the average solute concentration of the capsule decreases. It can be seen from the 
variation of the aspect ratio that the capsule deforms from its initial ellipse shape to the 
final circular shape. 
 
I. Effect of solute permeability, ωRTabs 
Next, the influence of the solute permeability of the membrane (ωRTabs) on the capsule 
deformation and swelling is studied based on a very small δ value. As the membrane is 
fully permeable, ωRTabs is non-zero, and hence the dimensionless parameter α changes 
with ω proportionally. To reiterate, the parameter α represents the ratio between diffusive 
and convective solute transports across the membrane. The selected values for ωRT are 
2x10-3, 1x10-3, 1x10-4, 1x10-5, and 1x10-6 m/s.  
The influence of the solute permeability (ωRTabs) on the enclosed solute mass (SM -) and 
the average solute concentration of the capsule ( _avc ) is shown in Fig. 3.11. Figure 3.11(a) 
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shows that, when α < O(1), SM -
 
increases with t since the capsule gains more solute than 
the solute loss due to the diffusion across the membrane. On the other hand, as α > O(1) 
SM - decreases owing to the capsule losing more solute by diffusion compared to the 
solute gained through convection. When α becomes smaller, the amount of solute gained 
by the capsule becomes higher. Theoretically, the capsule absorbs the maximum amount 
of solute when α = 0 (or ωRTabs = 0) since all convective mass gained by the capsule 
accumulates there. Figure 3.11(b) shows that _avc  reaches its final equilibrium value faster 
when α becomes higher owing to the elevated diffusive loss of solute (which also lead to 
more rapid reduction of concentration in the capsule). However, for all α values, SM - and 
_
avc  reach their equilibrium values at a time between 5 and 10. These results indicate that 
variation of solute permeability does not affect significantly on the transient length of 
solute transfer across the membrane in contrast to the effect of the hydraulic conductivity.       
Figure 3.12(a) shows that the capsule enclosed area at final equilibrium (Aeq) significantly 
depends on α. As α decreases, Aeq increases. For smaller α values, the solute 
concentration jump across the membrane [c] (thus, the osmotic pressure difference across 
the membrane) persists for a longer time, and hence the capsule gains more solvent from 
the outer domain Ω+. This is the reason the capsule is able to reach a larger equilibrium 
enclosed area Aeq for smaller α values. As can be seen in Fig. 3.12(b), the initial ellipse 
shape of the capsule takes on the circular shape for all the selected α values except 8.02. 
Since δ <<1, the membrane swelling and deformation is primarily governed by the 
osmotic pressure difference, and hence the swelling continues till the solute concentration 
jump across the membrane ([c]) disappears. When α is well above unity, the jump [c] dies 
  
58 
out quickly due to the enhanced solute diffusion across the membrane, and thus the 
amount of swelling is minimal and the capsule membrane may not have enough elastic 
forces to reach a circular configuration. Probably, for this reason, the capsule arrives at an 
equilibrium shape of AR = 1.19 for α = 8.02 (it happens at about t = 200, and hence it is 
not shown in Fig. 3.12b).     
 
3.4.3. Some remarks on application to the biological systems 
The transient variations of different model variables for both semi-permeable and fully 
permeable capsules are presented in the previous Sections. It is interesting and perhaps 
important to note that many variables reach their respective equilibrium values within 
seconds (time shown in plots are in the non-dimensional form). Indeed, this is consistent 
with many theoretical and experiment works reported on osmotic swelling and shrinking 
of human red blood cells (Devi et al., 1970; Owen and Galey, 1977; Galey, 1978) as the 
present physical properties are fairly similar to those found in blood plasma and red blood 
cells. Furthermore, the timescale for the oxygen transport to red blood cells in the 
pulmonary capillaries is also in the order of 0.1s (Whiteley et al., 2003). It may be 
remarked that in absolute time scale of seconds, the above mentioned change to reach 
equilibrium state may be deemed small. However, the percentage change is certainly not 
negligible. It remains to be established clinically whether and how such change measured 
in percentage term would affect the physiological function of the human body. Or viewed 
from another perspective: the interest to increase uptake in a short time of dissolved 
oxygen (or nutrients) by the red blood cells may be critical under certain medical 
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circumstances and thus a basic understanding of the parameters affecting as found in the 
present study would be most valuable.          
As the present model is two-dimensional, the model is equivalent to a long capillary tube 
in three-dimensional space. Flexible and permeable long capillary tubes are commonly 
seen in living organs such as renal tubules, arteries, and pulmonary capillaries. If the 
permeable properties (Lp, ω) of those kinds of biological tubes are unknown, the present 
model seems able to estimate these properties by reverse engineering via matching the 
computed numerical results with the experimental (clinical) data. For example, if the data 
for the enclosed area of the biological tube immersed in a hypotonic medium is available 
at different times, the experimental curve (i.e., enclosed area vs. time) may be matched 
with curves provided in Fig. 3.8(a) to estimate Lp. Indeed, this method has been used 
previously with simplified numerical models to calculate permeable properties of 
biological cells, and the technique is named as a nonstationary method (Benga, 1988). 
The advantage of the present model is that it is easy to account membrane elasticity and 
rigidity, and fluid viscosity when they are significant on swelling transient.    
Moreover, the present model could be used to simulate the urine concentration 







3.5. Application to a rising droplet with mass transfer 
The calculation procedure used for the above calculations can be extended easily to 
simulate a rising two-dimensional droplet with mass transfer between the droplet (i.e., 
dispersed phase) and the surrounding fluid (i.e., continuous phase). The viscosities for the 
two phases are considered as the same. The equations of motion Eqs. (2.11) - (2.13) and 
the transport equation Eq. (2.14) are applicable for this case too with a small modification 
for Eq. (2.12) to include buoyancy forces as below: 
),,()),,(),,((),,( 1 tyxFtyxutyxutyxp yyxxx ++= µ ,                  (3.4) 
ρµ gtyxFtyxvtyxvtyxp yyxxy −++= ),,()),,(),,((),,( 2 ,                        (3.5) 
0),,(),,( =+ tyxvtyxu yx ,                       (3.6) 
)),,(),,((),,().,,(),,().,,(),,( tyxctyxcDtyxctyxvtyxctyxutyxc yyxxyxt +=++ .       (3.7) 
The interfacial forces arise due to the surface tension and hence the force streangth is 
computed as                                      









,                    (3.8) 
where, ST is the coefficient of surface tension.  
For the permeable membrane, the interfacial mass transfer is governed by the Kedem-
Katchalsky equations (Eqs. 2.17 and 2.18). For the rising droplet, Henry’s law is 
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, where H is the 
Henry’s coefficient. The second interfacial condition is that the solute mass continuity 












1 . Here, subscripts 1 and 2 denote the 
dispersed and continuous phases, respectively.     
For this problem, the periodic boundary condition for p in the y direction is not 
reasonable due to the hydrostatic pressure gradient in the y direction. Therefore, the 
equations of motion are reformulated as reported in LeVeque and Li (1997) by defining a 
new variable pˆ as pybbgp ˆ)( 120 +−−= ρ . Indeed, pˆ is the pressure fluctuation from the 
hydrostatic pressure. Then, Eqs. (3.4) and (3.5) are reformulated as     
  ),,()),,(),,((),,(ˆ 1 tyxFtyxutyxutyxp yyxxx ++= µ ,                 (3.9) 








0 ρρ  is the average density of the whole fluid 
domain.  
The jump conditions for pressure and velocity are given by 
.0][][,0][][,sin][][,][ ====== nnnn vuvugpfp θρ  All these jump conditions except 
[pn] are the same as those given in Chapter 2. The equations of motion Eqs. (3.6), (3.9) 
and (3.10) are solved by decoupling them into three Poisson equations as explained in 
Section 2.2.3.  
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The transport equation Eq. (3.7) is solved separately in two phases (i.e., dispersed and 
continuous phases) since the solute diffusivity (D) may be different for two phases (D1, 
D2). The discontinuity of the concentration field is avoided by defining a new variable 
cˆ as Hcc .ˆ 1= for the dispersed phase and 2ˆ cc = for the continuous phase. Then, the 
modified transport equation is 
)),,(ˆ),,(ˆ(),,(ˆ).,,(),,(ˆ).,,(),,(ˆ 2,1 tyxctyxcDtyxctyxvtyxctyxutyxc yyxxyxt +=++ .   (3.11) 
















. It should be 
noted that the continuous concentration field cˆ  is not smooth across the interface. 
Therefore, correction terms for the transport equation are still needed. Thus, jump of 
normal derivative ]ˆ[ nc  is computed numerically to compute correction terms. By 
















 along the normal line at each 
control point (see Fig. 2.3), the concentration at the immediate sides of the interface is 





























.               (3.12) 







ˆˆ]ˆ[,0]ˆ[ +−++++ −== mknmknmknmk cccc . Eq. 
(3.11) is solved by explicit discretization as shown in Eq. (2.40). 
First, the results are validated for a two-dimensional fixed interface problem. The droplet 
having a radius of 0.4 cm is immersed in a square computational domain. The solute 
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concentrations in the droplet and surrounding field are 1 and 0 mol/cm3, respectively. 
Figures 3.13 and 3.14 show the concentration fields on the y = 0 plane for different 
diffusivities and Henry’s numbers. The numerical results are compared with an 
approximate analytical solution given in Onea (2007). It is seen that the transient 
variation of solute concentration field have excellent agreement with the analytical 
solutions. Theoretically, the non-dimensional mass transfer coefficient, Sherwood 
number Sh, for a fixed circular interface problem at the steady state is 2.0. An initially 
unsteady concentration field in a fixed circular interface problem is simulated using the 
present method and the transient variation of Sh is shown in Fig. 3.15. As can be seen the 
Sherwood number Sh reaches the steady state value of 2. 
Next, a rising droplet is simulated and the transient variation of Sh is compared with an 
empirical solution reported in McCabe et al. (2000). Figure 3.16 show the rising droplet, 
a concentration field, and the transient variation of Sh. As can be seen in Fig. 3.16(c), the 
numerical and empirical values for Sh are in the same order of magnitude.  
All above validation tests suggest that the present numerical procedure based on the IIM 
is deemed reasonable for simulating mass transfer between a rising droplet and a 
surrounding continuous phase under the Stokes flow assumption.            
                    
3.6.  Summary and conclusions 
Mass transfer across a deforming membrane of a swelling capsule immersed in a diluted 
binary solution is simulated using the IIM. The membrane for the two-dimensional 
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unsteady problem is considered as either semi-permeable or fully permeable. The fluid 
dynamics aspect of the problem is governed by the Stokes equations while the mass 
transports in the fluid and across the membrane are governed by the species transport 
equation and the Kedem-Katchalsky equations. For the semi-permeable capsule, the 
effect of osmotic load (∆c0), the initial solute concentration ratio (γ) and the hydraulic 
conductivity (Lp) on capsule swelling and deformation are examined. For the fully 
permeable capsule, the effect of the solute diffusive permeability of the membrane 
(ωRTabs) on the characteristic behavior of the capsule is investigated. The values of 
physical properties are selected so that they are in the range of those values found for 
typical biological systems.   
The accuracy of the IIM numerical procedure is verified by calculating the numerical 
errors of some model variables for the semi-permeable capsule at the equilibrium. It can 
be seen that all the errors incurred are less than 1% of the respective analytical values. 
The analytical solution for the transient of the enclosed area of swelling circular capsule 
is almost the same as the solution given by the present numerical procedure.     
The effect of the osmotic load ∆c0 on capsule behavior is tested by keeping other 
parameters at constant values. It is found that ∆c0 has a noticeable influence on the 
capsule swelling and deformation. When ∆c0 is smaller, the capsule takes a longer time to 
reach its final equilibrium. The influence of the initial solute concentration ratio γ is also 
studied (with other parameters kept fixed). The results show that γ has a major influence 
on capsule swelling; swelling increases with γ. On the other hand, changes in γ have only 
rather minimal influences on capsule deformation. The influence of Lp on capsule 
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behavior is similar to that of ∆c0 for small δ values indicating that primarily β governs the 
capsule behavior for small δ values. A qualitative agreement between the present results 
and the results of a previous study for the three-dimensional semi-permeable capsule can 
be seen. 
When the membrane is fully permeable, both solute and solvent can pass across the 
membrane. The influence of ωRTabs (or α) on capsule behavior is studied for δ<<1 with 
fixed values for the other parameters. The equilibrium enclosed area of the capsule Aeq 
depends on α; as α increases, Aeq decreases. In the same way, when α is well above from 
unity, the capsule does not reach a circular configuration at the equilibrium. Whether the 
capsule gains or loses a quantity of solute is determined by α; if α <O(1), the capsule 
gains some solute from the surrounding, and loses otherwise.           
The present numerical model could be used to calculate the unknown membrane 
permeability properties of a non-circular tubule if the transient volumetric behavior of the 
immersed tubule is known experimentally. Also, the osmophoretic motion of semi-
permeable two-dimensional capsules can be simulated using the present numerical 
approach with a few modifications. In future work, the current model will be extended for 
capsules of different viscosities from that of immersed fluid and variable membrane 
properties as a function of elastic tension of the membrane.  
Furthermore, the present numerical method is extended to simulate a rising two-
dimensional droplet in Stokes flows with including mass transfer across the interface. 
The validation tests suggest that the present model is reasonably accurate in modeling 
mass transfer between dispersed and continuous phases.   
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Table 3.1 Comparison between the analytical and numerical values of some model variables at 
the equilibrium: δ = 3.52x10-5; β = 4.31; γ  = 2; Pe = 8.15x10-1; α = 0. 
Variable                                               Numerical value              Analytical value                 Error    
Major axis, eqrmax,                                1.295701                          1.297221                           0.12% 
Minor axis, eqrmin,                                 1.293881                          1.297221                            0.26% 
Enclosed area, pi/eqA                          1.674957                          1.682781                           0.46% 
Inside solute concentration, −eqc           0.824079                          0.823811                           0.03% 
Outside solute concentration, +eqc        0.824048                          0.823798                           0.03% 















































 Figure 3.2 Comparison between the analytical and numerical values of the transient 
of the enclosed area of the circular capsule: δ = 3.45x102; β = 4.3x104; γ  = 2; Pe = 
8.31x10-5; α = 0. 
 
Figure 3.3 Comparison between the analytical and numerical values of the capsule 



























  Figure 3.4 Evolution of the solute concentration and membrane configuration. (a) solute 
concentration on y = 0 plane; (b) membrane configuration: δ = 3.52x10-5; β = 4.31; γ  = 



























Figure 3.5 Transient profiles of the aspect ratio, enclosed area, enclosed solute mass and 
average solute concentration of the capsule: δ = 3.52x10-5; β = 4.31; γ  = 2; Pe = 8.15x10-














































  Figure 3.6 Effect of the osmotic load ∆c0 on the capsule enclosed area, average solute 
concentration and aspect ratio. (a) capsule enclosed area; (b) average solute 






























Figure 3.7 Effect of the initial solute concentration ratio γ on the capsule enclosed 
area and aspect ratio. (a) capsule enclosed area; (b) capsule aspect ratio: δ = 






























Figure 3.8 Effect of the hydraulic conductivity Lp on the capsule enclosed area and 
aspect ratio. (a) capsule enclosed area; (b) capsule aspect ratio: δ = 3.52x10-5; γ = 2; 



























Figure 3.9 Evolution of the solute concentration and membrane configuration. (a) 
solute concentration on y = 0 plane; (b) membrane configuration: δ = 3.52x10-5; β = 


























Figure 3.10 Transient profiles of the aspect ratio, enclosed area, solute mass of 
each domain and average solute concentration of the capsule: δ = 3.52x10-5; β = 

























Figure 3.11 Effect of the solute permeability ωRTabs on the enclosed solute mass 
and average solute concentration. (a) enclosed solute mass; (b) average solute 


























Figure 3.12 Effect of the solute permeability ωRTabs on the enclosed area and 
aspect ratio of the capsule. (a) capsule enclosed area; (b) capsule aspect ratio: δ 
= 3.52x10-5; β = 4.31; γ = 2.0; Pe = 8.15x10-1.  


























 Figure 3.13 Comparison for the fixed interface problem at constant diffusivity. (a) 


























Figure 3.14 Comparison for the fixed interface problem at different diffusivity. (a) H 












































































Figure 3.16 A rising two-dimensional droplet with mass transfer across the 
interface. (a) rising droplet; (b) concentration field; (c) comparison for Sh.   
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Chapter 4 
On the Effect of Membrane Permeability on Capsule Substrate 
Adhesion* 
 
The IIM model formulated in Section 2.2 of Chapter 2 is extended and applied for a 
capsule-substrate adhesion problem in the presence of mass transfer across the membrane 
(see Fig. 4.1). The approach of solving the Stokes equations is rather different in this 
problem as explained in the text.  
 
4.1.   Introduction    
Mass transfer across permeable capsules and capsule-substrate adhesion are very 
important in many biological systems including drug delivery systems. The model 
formulated in Section 2.2 is improved here to include capsule-substrate adhesion in the 
presence of mass transfer.  
  
4.2.  Literature review    
A literature review for impermeable capsule adhesion was given in Section 1.3.1. For the 
case of capsule membrane which is permeable, the capsule-substrate adhesion is also 
controlled by the surrounding environment (or solute concentration field) (Wan and Liu, 
2001). Several extensive experimental works on capsule adhesion in the presence of 
                                                 
*
 A part of this chapter has been published as “Jayathilake, P.G., Khoo, B.C., and Zhijun Tan, 
2010. Effect of membrane permeability on capsule substrate adhesion: Computation using 
immersed interface method. Chemical Engineering Science 65, 3567-3578”.  
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osmosis have been reported in the literature like Servuss and Helfrich (1989) which 
showed empirically the effect of osmotic pressure on adhesion between a vesicle and a 
glass slide. Tachev et al. (2000) reported an experimental method combined with a 
theoretical model to estimate unknown membrane and adhesion properties of a capsule-
substrate adhesion system with osmosis. Among the reported theoretical works, Foo et al. 
(2003, 2006) investigated the coupled bending-shearing on liposome deformation under 
different osmotic pressures, and revealed that the degree of liposome deformation is 
larger when the bending is dominant and adhesion contact area increases when liposome 
volume decreases. Liu and Wan (2000) and Wan and Liu (2001) presented a simple 
elastic model based on energy balance to compute the final equilibrium shape of a 
spherical capsule adhered to a planar substrate in the presence of osmosis. The results 
showed the relationships between osmotic inflation, contact area, and contact angle. 
Subsequently, Liu et al. (2002a) and Liu et al. (2002b) provided a method to determine 
the adhesion strength between a liquid-filled capsule and a planer substrate by the 
aforementioned elastic model. Basically, these theoretical models were aimed on 
calculating the final equilibrium shape of the adhered capsule for given physical 
parameters. To the best of author’s knowledge numerical studies on the dynamics of 
capsule adhesion in the presence of osmosis are rather lacking.                          
In this paper, a two-dimensional numerical model based on the IIM is presented to 
simulate capsule-substrate adhesion in the presence of membrane permeability. The 
numerical approach is an extension of the previous numerical procedure reported in 
Section 2.2.  The present numerical approach is validated against two theoretical 
solutions, and further numerical investigations are performed under a variety of 
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conditions for a careful and systematic study of the capsule-substrate adhesion and 
osmotic swelling of the capsule.  
 
4.3.  Model formulation and numerical method 
All the governing equations are the same as in Section 2.2. In this case, the force strength 
fr given by Eq. (2.4) is modified to include adhesion as  
( ) yftsntsTtstsT
s
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where Te, Tb, and fad are the elastic tension, shear tension due to bending, and the 
adhesion force per unit area between the capsule and the planar substrate, respectively. 
Following Zhang et al. (2008), the neo-Hookean rheological properties are assumed for 
the membrane, and hence the elastic and shear tensions are given by )( 5.15.1 −−= εεee ET  





= ( , respectively. The unit vectors,τr  , nr , and yˆ are defined at any 
point on the membrane, and their respective directions are the anticlockwise tangential, 
the outward normal, and the y directions. The physical parameters Ee and Eb are the 
membrane shear modulus and bending modulus, respectively. κ is the membrane 
curvature at any point while Rκ  is the reference curvature. ε  is the stretch ratio at any 
point of the membrane. In the literature, it is seen that two common methods are used to 
compute the adhesion force fad (Jin et al., 2007). In one method, an adhesion potential is 
used (Bell et al., 1984) while for the other method, a kinetic equation which balances the 
formation and dissociation of bonds is used (Dembo et al., 1998). The first method is 
easier to implement as it has a few parameters. However, it does not consider receptor-
ligand bindings between the capsule and substrate. The second method has many 
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parameters to include receptors motion along the membrane, bond formation and 
dissociation, and hence the implementation is more difficult than the first one. In the 
present study, the former method is used due to its simplicity. The present adhesion 
potential is the one used by Seifert (1991) to simulate two-dimensional vesicle adhesion. 
Several subsequent works used this adhesion potential to model the leukocyte and vesicle 




























dWW mmad . Here, Wad is the adhesion strength in N/m. The optimal 
distance (or zero force distance) between the membrane and substrate is dm. The adhesion 
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For the boundary of the computational domain, the Dirichlet boundary condition for the 
velocity (u, v) and Neumann boundary condition for the pressure (p) and solute 
concentration (c) are assumed applicable along the boundary of the computational 
domain Ω.  
Next, all the equations are non-dimensionalized by choosing suitable characteristic values 
as similarly done in Section 2.2.  Those reference values are, length r  (≡ unstretched 
capsule radius), velocity V (≡ pL RTabs∆c0), pressure p (≡ µ V / r ), time t (≡ Vr / ), 
membrane tension T (≡ Ee), and solute concentration c (≡ [c0]/ln( −+ 00 / cc )). pL  is the 
characteristic value of the hydraulic conductivity. A fixed characteristic value for the 
hydraulic conductivity is selected since the impermeable case which is at Lp = 0 is also 
considered in this work.  
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As also previously done, henceforth, all the variables are considered in the non-
dimensional form unless mentioned otherwise and the asterisk (*) mark has been dropped 
from the non-dimensional variables for simplicity. Whenever the values of those 
variables are given in the dimensional form, their respective units are seen alongside the 
numerical values.  
All the governing equations are solved as explained in Section 2.2 except the 
implementation of Dirichlet boundary condition for velocity and Neumann boundary 
condition for pressure as reported in Li et al. (2006). In the present work, the special 
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thing to note is that fN and fT consist of, respectively, the normal and tangential 
components of the adhesive force fad. yˆ (see Eq. (4.1)). This is one main modification 
done in the present work compared to the previous augmented IIM approach reported in 
Li et al. (2006) and thus serves to incorporate the adhesive force between the capsule and 
substrate.  
 
4.3.1.  The augmented method for the pressure boundary condition 
For the boundary conditions, zero velocity and zero solute flux are imposed along the 






















The Neumann boundary condition for the pressure is calculated based on the augmented 



























by unknown or augmented variables q1, q2, q3…etc at grid points along the rectangular 
boundary of the computational domain Ω . Then, the total numbers of unknown variables 
is (2M+2N+4). Given an initial guest for the augmented variables, the Poisson equations 
Eqs. (2.28)-(2.30), which are obtained from Eqs. (4.2) - (4.4) are solved as similarly done 
in Section 2.2.3. Since the augmented variables are defined along the boundary of the 
computational domain, a small system of equations are obtained to solve efficiently using 
the generalized minimum residuals (GMRES) iterative method. In the each iteration three 
Poisson equations (Eqs. 2.28-2.30) are solved with known Neumann boundary condition 
for pressure. The calculation procedure is explained briefly below. 
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and it should satisfy the following equation,  























.                       (4.9) 
If ],....,[ 42232221' ++++= NMNM qqqqQ , the discrete form of Poisson equations Eqs. (2.31)-
(2.33) can be written as  
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where { }.)(),(),( '''1 QvQuQpW rrrr =  The operator B1 corresponds to solving three Poisson 




. Then the residual vector is computed as  
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The residual vector )( 'QR
r
depends lineally on '1 ,QW
rr
, and hence 
                                               4
'
1
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rrr
,                   (4.12) 
where S and E are two sparse matrices. Eqs. (4.10) and (4.12) can be put together as 
below: 






































.                                                (4.13)  
Then, the Schur component for 'Q
r
is  
                                                 ( ) 53114'211 BBSBBQBSBE rrrr =−=− −− .                          (4.14)  
Eq. (4.14) is solved by the GMRES since it requires only the matrix-vector 
multiplication. It can be shown that 
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RB −= .                                                         (4.15) 
And also, it can be shown that the matrix-vector product is able to compute as 
                                                    ( ) )0()('211 rrr RQRQBSBE −=− − .                               (4.16)     
 
4.3.2.  Computing the Laplacian along the boundary 
It is seen that the right hand side of Eq. (4.16) depends on the residual vector given by 
Eq. (4.11). For computing the residual vector, the Laplacian nqu rr ).(2∇  is needed along the 
boundary of the computational domain. Therefore, it is needed to calculate )(2 qu∇ at x = 
a1, a2 and )(2 qv∇  at y = b1, b2. Only the calculation for yyxx uuqu +=∇ )(2  at x = a1 is 
presented here since the calculation for other terms are done in the same way.    
The term yyu  is calculated using the central finite difference since all the velocity terms 
along the y = a1 are known (at corner points, one-sided second order finite difference is 
used for yyu ). However, there are no enough grid points to compute xxu  using the central 
finite difference along the y = a1 axis. Therefore, from the Taylor series expansion it is 
obtained that 
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where h is the uniform grid size. 
From Eq. (4.4), it is obtained that yx vu −= . Then, from Eq. (4.17), 
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4.4.   Results and discussions 
Two sets of numerical simulations are performed; one for capsule adhesion in the 
absence of membrane permeability and another for capsule adhesion in the presence of 
membrane permeability (i.e., semi-permeable or fully permeable). In both cases, 
validations against theoretical results are given for the numerical results whenever it is 
possible. 
The values of physical parameters are chosen so that these are in the range for typical 
biological systems. The dimensions of the computational domain are 1a  =-10 µm, 2a  = 10 
µm, 1b =0 µm, and 2b = 20 µm. The unstretched initial circular capsule has a radius of 4 
µm. The planer substrate coincides with y = 1b  line (see Fig. 4.1). The physical parameters 
of the membrane and fluid are chosen as Ee = 43 µN/m, Eb = 1.8x10-13 µJ, µ = 4x10-3 N 
s/m2, Tabs = 300 K, and D = 1.5x10-9 m2/s. The universal gas constant is R = 8.314 J/mol 




values are fairly similar to those found for typical biological cells and fluids (Anderson, 
1983; Zhang et al., 2008). The adhesion strength is in the range of Wad = 4.11x10-2- 4.11 
µJ/m2 and falls within the biological range (Cantat and Misbah, 1999). All calculations are 
carried out with M = N = Nb = 80 giving rise to a uniform grid system with dimensionless 
grid cell h = 0.0625 (or 0.25 µm) in a 5x5 unit square domain. The non-dimensional time 
step is around O(h/800)-O(h/150) depending on the problem. (It should be noted that 
when values of variables are given along with their respective units, those values are in the 
dimensional form.)  
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4.4.1.   Adhesion of an impermeable capsule 
When the capsule membrane is impermeable (i.e., pL = 0 and ω = 0), the osmosis is 
absent and the solvent and solute mass is conserved within each domain ( ±Ω ). Hence, the 
capsule enclosed area does not change during the adhesion process. For the sake of 
computational efficiency, the optimal distance (or zero force distance) between the 
capsule and the planar substrate (dm) is assumed to be 2.5 grid cells (i.e., 2.5h or 0.15625 
non-dimensional units equivalent to 0.625 µm). This value is relatively large compared to 
the values of typical microscopic description of biological systems which may fall in the 
range 10-50 nm. However, similar assumptions of dm in the micron-range applicable for 
macro-scale simulation can be seen in previous works such as Liu et al. (2004) and Zhang 
et al. (2008) which are for red blood cell aggregations. It is believed that use of a 
relatively larger value for dm especially for macro-scale simulation should not affect the 
main physics or trend of the adhesion behavior. Figure 4.2 shows the transient of the 
circular capsule which is initially placed at a distance of dm from the substrate. In this 
example, Wad = 4.11µJ/m2. During the adhesion process till the steady state, the capsule 
enclosed area is conserved with an error of less than 0.01%. The deformation index of the 
capsule which is defined as DI = {(width – height)/width} as a measure (Foo et al., 2006) 
is also shown at each time t.      
It is worth examining whether the final equilibrium shape computed by the present model 
depends on the selection of dm. As illustrated in Fig. 4.3, the distribution of adhesion 
force in the y-direction is a function of dm for the same imposed adhesion strength at Wad 
= 4.11µJ/m2. As dm increases, the maximum adhesion force decreases while the influence 
of the adhesion force distributes to a larger domain in the y-direction. And also, it can be 
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shown that the maximum adhesion force is inversely proportional to dm for the 
aforementioned adhesion potential W. However, the present numerical investigations for 
dm = 1.5h, 2.0h, 2.5h, and 3.0h show that dm does not affect significantly the final 
equilibrium shape depicted in Fig. 4.2 for the selected dm values. Therefore, dm = 2.5h is 
used throughout the following calculations.  
Next, the numerical results are validated against two theoretical solutions taken from 
Cantat and Misbah (1999) and Wan and Liu (2001). 
For only the first validation test the bending rigidity is neglected (i.e., Eb = 0) so that 
adb WEr /1 >>  , where pi2/1 eqSr =  and Seq is the total arc length along the membrane 
or simply the capsule perimeter at the equilibrium. Thus, as reported in Cantat and 
Misbah (1999), in this special case the adhesion length Lad (see Fig. 4.1) can be expressed 
by two characteristic lengths 1r  and 2r , where pi/2 eqAr =  and Aeq is the capsule 
enclosed area at the equilibrium (for impermeable capsules, Aeq = A0 which is the initial 
enclosed area as already seen in Fig. 4.2). By using dimensional and scaling arguments, 
Lad is expressed as .)/1(~ 31121 rrrLad −  Therefore, a linear relation between 
)/( 1rLLog ad  and )/1( 12 rrLog − with a gradient of 1/3 is expected. Figure 4.4 shows the 
comparison between this theoretical solution and the numerically calculated results by 
varying the adhesion strength Wad from 4.11x10-2 to 4.11 µJ/m2. The criterion for the 
computation of the numerical value of Lad is that the membrane portion below the line y = 
dm is considered as adhered to the substrate. For the numerically computed results the 
gradient of the straight line is 0.31 and it is close to the theoretical value of 0.33, which 
supports the validity of the present numerical approach. 
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Then, for the second validation the theoretical solution is obtained fairly similar to the 3D 
elastic model reported in Wan and Liu (2001). The assumptions for the theoretical 
solution are the bending is negligible and the membrane stress within the planar contact 
line is zero. Further, the equilibrium configuration is assumed to be a truncated circle of 
radius req (req is the radius of the unbounded circular segment shown in Fig. 4.1 at the 
final equilibrium). Then, the law of energy conservation is applied to the potential energy 
of the system, elastic energy stored in the membrane, and the adhesion energy of the 
contact line. Following Wan and Liu (2001), the strain energy release rate G is calculated 




)()cos)(( dTTG , where φ  is the contact angle 
defined in Fig. 4.1). The stretch ratio for the theoretical solution is computed 
approximately by taking the ratio between the final and initial unbound circumferential 
lengths of the membrane, and it yields   














ε                                                 (4.19) 
where 0S  is the initial circumferential length or perimeter of the capsule and 





















L                           (4.20) 
As explained in Wan and Liu (2001), the condition for the adhesion equilibrium between 
the capsule and the substrate is that G = Wad. Therefore, the above integral relation for G 
is equated to Wad, and the resulting equation is solved combined with Eqs. (4.19) and 
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(4.20) to compute for both the adhesion length Lad and equilibrium radius req (or the 
equilibrium shape). It is worth noting that the capsule detaches from the substrate if G > 
Wad, and it adheres onto the substrate if G < Wad. It may be noted that this theoretical 
solution is applicable for permeable membrane capsules too if the equilibrium area Aeq is 
known explicitly. Figure 4.5(a) shows the comparison between the theoretically and 
numerically computed capsule shapes at the equilibrium for Wad = 4.11 µJ/m2. The 
numerical values of DI and Lad differ from the corresponding theoretical values by about 
17% and 9%, respectively. Also, the numerical model has rounded contact edges in 
contrast to the sharp contact edges of the theoretical model. However, the agreement 
between the numerical and theoretical results for the equilibrium shape is still deemed 
reasonable considering the various conditions assumed in the theoretical solution. For the 
theoretical model, the adhesion force acts along the adhesion length only. For the 
numerical model, the adhesion force is distributed along the y direction as also depicted 
in Fig. 4.3. These differences would contribute to the observed discrepancies between the 
numerical and theoretical results. Then, more comparisons are done for other Wad values 
too. The numerical and theoretical results for the adhesion length Lad, the equilibrium 
radius req, and the deformation index DI as a function of the non-dimensional adhesion 
strength Wad/Ee are shown in Fig. 4.5(b). The trend of each parameter is clearly evident 
suggesting that the present model is deemed capable in simulating the contact mechanics 
of capsule substrate adhesion in the biological range of Wad. For the numerically 
computed results shown in Fig. 4.5(b), an exponential relationship between 
)2/( eqad rL=λ  and Wad/Ee is calculated as 20.0)/( ead EW∝λ . Wan and Liu (2001) 
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reported an equivalent relationship for a 3D capsule as 16.0)/( ead EW∝λ . Both relations 
reveal that λ is less susceptible to the variation of Wad/Ee. 
It is rather to be expected that the adhesion length depends on the bending modulus Eb 
too. As Eb increases the rigidity of the membrane increases accordingly and hence the 
adhesion length will be correspondingly smaller. The relative importance of bending 
compared to the elasticity of the membrane is tested by choosing Eb as 1.8x10-13, 1.8x10-
12
, and 1.8x10-11 µJ at Ee = 43 µN/m and Wad = 4.11 µJ/m2. The initial capsule shape is 
circular which is similarly shown in Fig. 4.2. During the non-dimensionalization of Eq. 
(4.1), it is seen that the non-dimensional parameter controlling the bending and elastic 
effects is eb ErEH
2' /= . Figure 4.6 reveals that as H’ becomes less than O(10-2), the 
bending has no significant influence on the final equilibrium shape. When bending takes 
on larger quantity (i.e., H’ >O(10-2)), the contact angle (or curvature) and adhesion length 
of the equilibrium capsule decreases significantly as bending rigidity increases. As such, 
the following numerical calculations for the semi-permeable and fully permeable 
capsules are performed in the elastic dominant region with Eb = 1.8x10-13 µJ and  Ee = 43 
µN/m (i.e., H’ = 2.616x10-4) where the numerical result shows weakly dependence on the 
membrane rigidity. This is also partially motivated by the fact that these values are 
applicable to a human red blood cell (Zhang et al., 2008). Furthermore, for all the 
calculations below, the adhesion strength is Wad = 4.11 µJ/m2 and the initial capsule 
shape is the equilibrium shape shown in Fig. 4.2.   




4.4.2.   Adhesion of a semi-permeable capsule 
Next, the capsule with the semi-permeable membrane (i.e., pL > 0, σ = 1, and ω = 0) is 
considered. An initial solute concentration difference is applied for the equilibrium 
capsule which is obtained when the membrane is impermeable and Wad = 4.11 µJ/m2 
(Fig. 4.2).  In this case, the solvent can pass across the membrane while the solute is not 
allowed to cross the membrane due to its semi-permeability. Therefore, the solute mass 
remains unchanged in each domain. Figures 4.7(a) and (b) present the transient profiles 
of the membrane configuration and the solute concentration on x = 0 plane, respectively. 
The hydraulic conductivity of the membrane is Lp = 1x10-8 m2s/kg. The initial solute 
concentration field is hypotonic, and the outer and inner concentrations are 27.8862 and 
37.8862 mol/m3, respectively. It is obvious that as the capsule is immersed in a hypotonic 
medium, it swells until the equilibrium is achieved. The above initial solute concentration 
field is selected so that the capsule swells and reaches an equilibrium enclosed area which 
is about 130% of the initial value (i.e., (Aeq-A0)/A0 = 0.3). At the equilibrium, the solvent 
flux across the membrane vanishes, and hence it is obtained that γδ ln][cf N =  from Eq. 
(4.6). By solving this non-dimensional equation, it is obtained analytically that the final 
equilibrium enclosed area as 1.3pi  and the final solute concentrations at the inner and 
outer domains as 0.893110 and 0.893094, respectively. It is seen that the analytical 
solution of the equilibrium concentration is almost the same everywhere as δ  is very 
small ( =δ 4.31x10-4). It is due to the fact that as 1<<δ , the solvent transport across the 
membrane is primarily governed by the osmotic pressure difference (i.e., RTabs[c]) rather 
than the fluid pressure difference across the membrane. Therefore, it is imperative the 
concentration jump [c] to be nearly zero at the final equilibrium to have vanished the 
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solvent flux. As can be seen in Fig. 4.7(a), the initial adhered capsule detaches partially 
while the enclosed area increases from pi  to the final equilibrium area of 1.2933pi , which 
is very close to the analytical value of 1.3pi . The partial detachment of the capsule occurs 
since the capsule gains some extra strain energy due to the swelling. As the capsule 
gradually swells and detaches, the capsule deformation decreases accordingly. 
Meanwhile a separate calculation with no adhesive forces and initially the capsule is kept 
in the centre of the computational domain Ω  = [-2.5, 2.5]x[0, 5] shows that the capsule 
reaches the final equilibrium at about t = 9.70 in contrast to t = 12.90 in Fig. 4.7(a). It 
therefore indicates that the adhesive wall near the capsule delays the final equilibrium.  
Next, Fig. 4.7(b) shows that the solute concentration jump at the membrane point nearest 
to the substrate vanishes faster than the opposite membrane point, which is the most 
distant point from the substrate, does. This is rather expected since both the membrane 
and substrate are impermeable to the solute, and hence the solute distribution is restricted 
in the y direction. The numerically computed average values of the equilibrium solute 
concentrations at the inner and outer domains are about 0.89327 and 0.89320, 
respectively, which are fairly close to their analytical values given above.  
One aim of developing the present model is to examine the effect of some model 
parameters on capsule adhesion in the presence of mass transfer across the capsule 
membrane. Therefore, the influence of the initial solute concentration field (c0) and the 
membrane permeability properties, the hydraulic conductivity (Lp), solute permeability 
coefficient (ω), and reflection coefficient (σ) are tested. The effect of the osmotic 
pressure difference RTabs[c] (or the solute concentration field) on liposome adhesion has 
been reported in previous studies too (Foo et al., 2003).  
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I. Effect of initial solute concentration field 
The partial detachment of the capsule is tested for different initial solute concentration 
fields. The initial solute concentration field is changed by varying the initial 
concentration ratio γ  while the initial concentration difference 0c∆  is kept constant at 10 
mol/m3. The hydraulic conductivity is Lp = 1x10-8 m2s/kg. As mentioned earlier, the final 
equilibrium enclosed area (Aeq) is a function of the initial solute concentration field (i.e., 
both γ  and 0c∆ ). Therefore, different Aeq values are obtained for each γ  value. Figure 
4.8 shows Lad, req, and DI as a function of the normalized inflated area (Aeq-A0)/A0. Also, 
the corresponding theoretical variation which was discussed in Section 4.4.1 is shown in 
the same plot for the comparison with numerical results. As similarly seen in the 
impermeable case (Fig. 4.5b), the trend of each parameter is clearly evident in the semi-
permeable case too though the results for Lad differ from the respective theoretical results 
considerably especially for larger inflation of the capsule (that is about (Aeq-A0)/A0>0.5). 
However, the dependence of Lad, req, and DI on capsule inflation qualitatively agrees with 
previous studies which show that both the adhesion length (or area for 3D capsules) and 
capsule deformation decrease as the capsule inflates (Liu and Wan, 2000; Foo et al., 
2003). These results suggest that the capsule adhesion can be modulated by changing the 
solute concentration field.       
 
 II. Effect of hydraulic conductivity, Lp 
The effect of the hydraulic conductivity on capsule adhesion under the semi-permeable 
condition is tested. The inspiration for this test comes partially from the published work 
of Wang et al. (2004) on modeling of single plant cell compression between two flat 
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surfaces. It was reported that the effect of the hydraulic conductivity is not significant in 
rapid compression of a tomato cell at small deformations. Similar works have been 
reported in Smith et al. (1998, 2000). On the other hand, the knowledge of effect of the 
membrane permeability properties on capsule adhesion process may be important for 
designing drug delivery systems. Therefore, it is worth examining the effect of Lp on 
capsule-substrate adhesion. The initial solute concentration field is chosen so that the 
outer and inner domain solute concentrations are 27.8862 and 37.8862 mol/m3, 
respectively. Two typical values for Lp are chosen as 1x10-8 and 1x10-9 m2s/kg. The 
equilibrium shape and transient swelling are shown in Fig. 4.9. Figure 4.9(a) indicates 
that Lp has no major influence on the final equilibrium shape of the capsule. Theoretically 
it is rather expected since the capsule swells to the same enclosed area for all Lp values as 
the capsule equilibrium does not depend on Lp for the semi-permeable case. However, it 
is seen that the capsule reaches the final equilibrium faster as Lp becomes larger as also 
shown in Fig. 4.9(b). This is due to the fact that the solvent flux across the membrane is 
directly related to Lp (see Eq. (4.6)).      
    
4.4.3.   Adhesion of a fully permeable capsule 
When the membrane is fully permeable (i.e., pL > 0, 0 ≤ σ < 1, and ω > 0), both the 
solute and solvent can pass across the membrane and therefore the solute mass enclosed 
by the membrane is no longer conserved. The solute mass will either increase or decrease 
depending on the net transport of the solute is inward or outward of the capsule. 
Throughout the following calculations, Lp = 1x10-8 m2s/kg, 0c∆ = 10 mol/m
3
, and γ = 
1.3586 (or equivalently the outer and inner concentrations are 27.8862 and 37.8862 
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mol/m3, respectively). Now, the characteristic behavior of the adhered capsule is 
examined for other two permeability parameters of the membranes, σ and ω. The values 
of σ and ω depend on the solute type and membrane.  
Figure 4.10 shows the transient variations of the capsule shape and the enclosed area for 
σ = 0.5 and ωRTabs = 1x10-3 m/s. As can be seen in Fig. 4.10(a), the capsule swells and 
the contact length shrinks gradually while the capsule deformation decreases as similarly 
seen for the semi-permeable case. Upon reaching the maximum inflation, the capsule 
starts shrinking as shown in Fig. 4.10(b) in contrast to the semi-permeable case (see Fig. 
4.9b). For the fully permeable case, the requirement for the swelling equilibrium is that 
the both concentration and pressure jumps to be zero (i.e., [c] = [p] = 0). For the above 
selected values for the physical parameters, the non-dimensional parameter δ = 4.31 x 10-
4
, and hence the swelling is primarily dependent on the osmotic pressure difference than 
the elastic pressure difference across the membrane; as also reported in Zinemanas and 
Nir (1995). Therefore, the capsule initially swells rapidly till [c] ≈ 0 and then gradually 
shrinks till [p] = 0. However, the rate of shrinking is very small because the pressure 
jump [p] is not significant in the present problem.                     
The characteristic behavior of the adhered capsule for σ = 0, 0.5, and 0.95 are examined 
as a function of the solute permeability coefficient ω (or solute permeability ωRTabs). The 
chosen permeability values are ωRTabs = 1x10-6, 1x10-5, 1x10-4, and 1x10-3 m/s (i.e., the 
non-dimensional parameter α = 4.01x10-3, 4.01x10-2, 4.01x10-1, and 4.01) which are 
applicable for typical biological systems.  
Figure 4.11 shows the transient of the enclosed area as a function of the solute 
permeability (ωRTabs) and reflection coefficient (σ). At σ = 0, the enclosed area remains 
 102 
at the initial value for all ωRTabs values since the solvent flux Jv is nearly zero in this case 
(see from Eq. 4.6). In contrast, the results at σ = 0.5 and 0.95 demonstrate that the 
adhered capsule swells to a larger enclosed area when the solute permeability is lesser. 
As the solute permeability is lower, the concentration difference across the membrane 
persists for a longer time, and hence more solvent enters to the capsule causing it to swell 
to a larger enclosed area. On the other hand, the results indicate that the maximum 
enclosed area significantly depends on the refection coefficient too. It appears that the 
capsule swelling at smaller σ values is more sensitive to the solute permeability than the 
corresponding part at larger σ values does.  
Figures 4.12(a) and (b) show the parameters Lad and DI at the maximum inflation of the 
capsule, respectively, as a function of σ and ωRTabs. An exponential fit for each case is 
depicted in the plots. The results indicate that Lad and DI at the maximum inflation 
depend on ωRTabs in a rather similar way. Also the plots reveal that both parameters do 
not depend significantly on ωRTabs for values of less than about O(10-4m/s) for the 
present problem. For ωRTabs ≤ 1x10-4 m/s, the non-dimensional parameter α ≤ 4.01x10-1, 
and hence the occurrence of solute transport across the membrane is primary due to the 
convection rather than the diffusion (note that ωRTabs controls solute diffusion cross the 
membrane). Therefore, at small α values (say about α <O(10-1)), the maximum inflation 
of the capsule and hence the adhesion length and deformation index at the maximum 
inflation can be taken as fairly independent of α (or ωRTabs). In contrast, when the solute 
permeability is large (say about α >O(10-1)), the  Lad and DI at the maximum inflation are 
strongly dependent on α, and the dependence is seen higher for smaller  σ values.   
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4.5.   Summary and conclusions 
The capsule-substrate adhesion in the presence of membrane permeability is simulated 
using the immersed interface method (IIM) under the Stokes flow condition. All the 
equations of motion are solved using the augmented approach reported by Li et al. (2006) 
and the species transport equation is solved by the approach given in Section 2.2.4. The 
adhesion energy between the capsule and the planar substrate is represented by a 
potential function.  
The model is applied for capsule adhesion with and without membrane permeability. The 
results are compared with two theoretical solutions and the results are deemed 
reasonable. Some deviations between the results given by the numerical and the elastic 
models can be attributed to the different assumptions made for the two models such as 
the membrane tension at the adhesion length is neglected for the theoretical solution 
while it is not valid for the numerical solution.  
A parametric study is done to determine the influence of the initial solute concentration, 
the hydraulic conductivity, solute permeability, and reflection coefficient of the capsule 
membrane. When the semi-permeable capsule adheres onto the planar substrate in a 
binary hypotonic medium with impermeable boundaries, the adhesion length and capsule 
deformation at the equilibrium decrease as the solute concentration ratio (γ) increases 
since the capsule inflates much. The results suggest that the hydraulic conductivity of the 
semi-permeable membrane has no significant effect on the equilibrium shape of the 
capsule as expected. However, the swelling transient is affected by the hydraulic 
conductivity due to the variation of solvent flux across the membrane. On the other hand, 
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the solute permeability and reflection coefficient have a profound influence on the 
swelling and adhesion characteristics of the fully permeable capsule.   
The understanding of deformable and permeable capsules in contact with substrates is 
important for the enhancement of drug delivery and pharmaceutical applications. For 
example, drug-loaded micro-particles have been employed to deliver therapeutic 
biochemical reagents for bladder cancer treatments, and the success of this methodology 
depends on the particle-substrate adhesion as reported in Chan et al. (2004) and Liu 
(2006). Therefore, the current numerical model and results would help in the designing 
and optimizing those kinds of drug delivery methodologies. Moreover, it may pave a 
novel way to numerically investigate oxygen (solute) transport across the malaria 
infected red blood cell (capsule) adhered onto the vascular endothelium vis-à-vis the 
normal red blood cell in the plasma flow.                        
Another avenue of future work is the employment of a shear flow by specifying a suitable 
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Figure 4.2 Transient variation of capsule shape under adhesion onto the planar substrate:  
Wad = 4.11 µJ/m2, Lp = 0. 
 




Figure 4.4 Comparison between the numerical results and the theoretical solution of 









Figure 4.5 Comparisons with theoretical solutions. (a) comparison between the numerical 
and theoretical solutions of capsule shape at the equilibrium; (b) comparison between the 
numerical and theoretical solutions of the adhesion length, radius, and deformation index 












Figure 4.6 Effect of the bending modulus on the final equilibrium shape of the adhered 









Figure 4.7 Capsule shape and solute concentration field. (a) transient variation of capsule 
shape under adhesion onto the planar substrate; (b) transient variation of solute 
concentration filed on x = 0 plane:  Wad = 4.11 µJ/m2, Lp = 1x10-8 m2s/kg, ∆c0 = 10 










Figure 4.8 Comparison between the numerical and theoretical solutions of the adhesion 
length, radius, and deformation index of the capsule at the equilibrium: Wad = 4.11 µJ/m2, 





Figure 4.9 Effect of the hydraulic conductivity. (a) effect of the hydraulic conductivity on 
the final equilibrium shape of the adhered capsule; (b) effect of the hydraulic 
conductivity on the enclosed area of the adhered capsule: Wad = 4.11 µJ/m2, Lp = 1x10-9, 






Figure 4.10 (a) variation of the fully permeable capsule shape under adhesion onto the 
planar substrate; (b) variation of the enclosed area of the fully permeable capsule under 
adhesion onto the planar substrate:  Wad = 4.11 µJ/m2, Lp = 1x10-8 m2s/kg, ∆c0 = 10 









Figure 4.11 Effect of the solute permeability and reflection coefficient on the enclosed 








Figure 4.12 (a) effect of the solute permeability and reflection coefficient on the adhesion 
length at the maximum inflation; (b) effect of the solute permeability and reflection 
coefficient on the deformation index at the maximum inflation: Wad = 4.11 µJ/m2, Lp = 





On the Capsule-Substrate Adhesion and Mass Transport 
under Imposed Stokes Flows* 
 
This Chapter presents further extensions for the work reported in Chapter 4 by including 
imposed Stokes flows. 
 
5.1. Introduction 
A permeable capsule analogous to a drug-loaded capsule flowing in a vessel and the 
solute transfer between the capsule and the vessel walls are numerically investigated by 
extending the work reported in Chapter 4. Also, deformation and adhesion of a single 
impermeable red blood cell and a single impermeable malaria-infected red blood cell 
flowing in blood plasma are simulated at the end of the work. 
 
5.2. Literature review 
The dynamics of a capsule or drop adhesion near/on a substrate can be rather important 
as far as biological and biophysical applications are concerned. For example, leukocytes 
or while blood cells (WBCs) adhesion onto the vascular endothelium is a key process in 
inflammatory response (Springer, 1995). In the literature, there are found several 
numerical works on leukocyte adhesion, migration and deformation (N’Dri et al., 2003; 
Khismatullin and Truskey, 2004; Jin et al., 2007; Pappu et al., 2008; Pappu and Bagchi, 
                                                 
*
 A part of this chapter has been published as “Jayathilake, P.G., Liu, G., Zhijun Tan, and Khoo, 
B.C., 2011. Numerical study of a permeable capsule under Stokes flows by the immersed 
interface method. Chemical Engineering Science, DOI:10.1016/j.ces.2011.02.005”. 
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2008). Similarly, red blood cells (RBCs) aggregation and dissociation in shear flows have 
been investigated for various flow and material parameters to better understand the 
underlying mechanism of healthy RBCs (Bagchi et al., 2005; Zhang et al., 2008). On the 
other hand, cell aggregation is very common for malaria-infected red blood cells (IRBCs) 
which may cause microvascular blockage. As such, cytoadherence and rosetting 
properties of IRBCs have been investigated experimentally by some researchers (for 
example, Suresh et al., 2005). Kondo et al. (2009) developed a two-dimensional 
numerical model using the particle method to model the mentioned mechanism. In that 
work, the interaction among RBCs, IRBCs, and endothelial cells are investigated for 
different adhesive forces. Imai et al. (2010) extended the same work to a three-
dimensional calculation and reported some results which are consistent with previous 
experiments. In all the above mentioned works, the common feature is that the capsule 
membrane has been considered as impermeable for mass transfer. 
When the capsule membrane is permeable, the capsule-substrate adhesion is also 
controlled by the surrounding fluid field since mass could pass across the membrane and 
hence the capsule would swell or shrink (Wan and Liu, 2001). There are several 
theoretical works which were aimed at calculating the final equilibrium shape of an 
adhered permeable capsule (Liu and Wan, 2000; Wan and Liu, 2001; Foo et al., 2003, 
2006). However, numerical studies on simultaneous capsule-substrate adhesion and mass 
transfer in an imposed flow field are still rather lacking.  
The understanding of deformable and permeable capsules in contact with a substrate with 
an imposed flow field is important for the enhancement of effective drug delivery 
systems. As also mentioned in Chapter 4, the drug-loaded micro-particles have been 
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employed to deliver therapeutic biochemical reagents for bladder cancer treatments, and 
the success of this methodology depends on the particle-substrate adhesion as reported in 
Chan et al. (2004) and Liu (2006).   
In this chapter, a single permeable capsule (fully permeable) deformation, adhesion, and 
mass transfer are simulated in an imposed flow field using the IIM approach used in 
Chapter 4 with some more improvements. This is the first time implementation of the 
IIM to simulate such a physical problem. Moreover, the same calculation procedure is 
employed to simulate a single RBC and a single IRBC flowing in plasma flows in the 
absence of mass transfer.  
 
5.3. Model formulation and numerical method 
In Chapter 4, the equations of motions, the Stokes equations, are solved by using an 
augmented method with zero velocity boundary conditions at the boundary of the 
computational domain. Use of the augmented variables causes that method is 
computationally expensive, especially for large computational domains with many grid 
points along the boundary. In the present calculation the full Navier-Stokes equations are 
solved using the projection method coupled with the IIM which has already been 
employed for capsules flowing in fluids without mass transfer and capsule adhesion.       
The following calculation procedure is explained for a permeable, deformable, and 
adhesive capsule flowing along a vessel. The elastic capsule and the surrounding 
environment (the lumen of the vessel) are filled with a binary diluted solution of different 
solute concentrations. Also, it is assumed that the fluid properties are the same for the 
capsule and the surrounding fluid.     
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The fluid motion is governed by the full Navier-Stokes equations as given below: 
      ( ) Fupuuut +∇+−∇=∇+ rrrr 2. µρ ,       (5.1) 
      0. =∇ ur ,          (5.2) 
where ),( vuu =r , p , and Fr are the fluid velocity, the fluid pressure, and the singular force 
at the interface, respectively. ρ and µ are the fluid density and dynamics viscosity, 
respectively. The interfacial force is given by 
,)),((),(),(),( 21 dstsXxtsfFFtxF D −== ∫
Γ
δ
 where ),( yxxr
 
is the spatial position, X
r
(s, 
t) is the membrane configuration Г of the capsule, s is the arc length measured along the 
membrane, f
 
is the force strength, and Dδ  is the two-dimensional Dirac delta function. 
The solutes concentration (c) distribution is governed by the advection-diffusion equation 
and the solvent (Jv) and solute (Js) transport across the membrane is computed by using 
the Kedem-Katchalsky equations as also used in previous chapters. 
      ,.
2cDcuct ∇=∇+
r
         (5.3) 
      [ ] [ ]( ),cRTpLJ absPv σ−−=         (5.4) 
      [ ]cRTcJJ absvs ωσ −−= ˆ)1( .         (5.5) 
All symbols in Eqs (5.1)-(5.5) have their usual meanings as given in Chapters 2 and 3.   









































dWW mmad . Following Zhang et al (2008), the neo-Hookean 
rheological properties are assumed for the membrane unless otherwise stated, and hence 






respectively. Here, κ is the membrane curvature at any point while Rκ  is the reference 
curvature. ε  is the stretch ratio at any point of the membrane, Ee is the shear modulus of 
the membrane, and Eb is the bending modulus.  
Next, the governing equations are non-dimensionalized by choosing the appropriate 
reference values for the variables.  The reference velocity is V = 0.01m/s unless 
mentioned otherwise, the reference pressure is 2Vp ρ= , the reference length is r ≡  
equivalent radius of the capsule. The reference time is V
rt = , the reference membrane 





c . The non-dimensional variables are denoted by an asterisk (*) mark 
and then the non-dimensional forms of Eqs. (5.1)-(5.5) are given below: 
 






,      (5.6) 
      0. * =∇ ur ,              (5.7) 







                       (5.8) 
      ( ),][ *21** cCCfJ Nv σ−−=            (5.9) 
      ][ˆ)1( *3*** cCcJJ vs −−= σ .       (5.10) 
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===== 321 ,,,,Re .  Hereafter, all the 
variables are given in the non-dimensional form unless otherwise stated and for 
simplicity, the asterisk (*) mark has been dropped from the non-dimensional variables. 
However, if the values of those variables are given in the dimensional form, their 
respective units are seen alongside the numerical values.  
The equations of motion Eqs. (5.6) and (5.7) are solved using a projection method 
coupled with the IIM as reported in Le et al. (2006). The spatial discretization is carried 
out on a standard marker-and-cell (MAC) staggered grid (Kim and Moin, 1985). Figure 
5.1 illustrates the MAC staggered grid used here.  
In projection methods, a semi-implicit time discretization of Eqs. (5.6) and (5.7) at a grid 
point corresponding to u or v shown in Fig. 5.1 is formed as, 











. ,   (5.11) 
       0. 1 =∇ +mur ,       (5.12) 
where { }tuQ r  is a temporal correction term to include the discontinuous or unsmooth 
velocity distribution across the membrane into the finite difference scheme and it is given 
as   { } { }
11




±=  for tm < t1 ≤ tm+1/2, and 
{ } { }
11




±= +  for tm+1/2 < t1 ≤ tm+1 as also given in Appendix A. 
Projection methods are categorized into two types as pressure-free projection methods 
and pressure-increment projection methods (Brown et al., 2001). One of the well-known 
pressure-increment projection methods is the one reported in Bell et al. (1989) and 
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adopted in this work. In this method, for given velocity mur and pressure 2/1−mp fields, the 
new velocity 1+mur and pressure 2/1+mp  fields are computed in three steps as below:   
Step 1: Compute an intermediate velocity field 'ur  by solving 












. .                        (5.13) 
The advective term is extrapolated using the Adams-Bashforth formula as 


















uuuuCuuCuuuuuu rrrrrrrrrrrr ∇+∇−∇+∇−∇=∇ −−+ ξ . (5.14) 
The diffusion term is approximated implicitly using the Crank-Nicolson formula as 











mmm uuCuCuuu rrrrrr ∇+∇+∇++∇∇=∇ + ξ .   (5.15) 
The pressure gradient is approximated as 
     




mmm ppCpp ∇+∇+∇=∇ −−+ ξ .     (5.16) 
Step 2: The incompressibility condition (mass conservation) Eq. (5.7) is enforced by 
defining a new variable given by  
                 


















,     (5.17) 
and 0. 1 =∇ +nn ψr along the boundary of the computational domain.  
Step 3: The pressure and velocity fields are updated as 
     { } { }( )2/12/111 .' −+++ ∇−∇∆−∆−= mmmm pCpCttuu ψrr ,                (5.18) 






uCupp mmm rr ∇−∇−+= +−+ ψ .               (5.19) 
The coefficient iξ , i = 1, 2, 3 in Eqs. (5.14)-(5.17) are only nonzero if the interface 
crosses the grid point at time t1 which is between tm-1/2 and tm+1/2. More details about the 
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projection methods combined with the IIM for the Navier-Stokes equations are found in 
Li and Lai (2001), Le (2006), and Le et al. (2006), and hence not repeated here. 
After solving the equations of motions, the solute transport equation Eq. (5.8) is solved 
by considering the diffusion term implicitly and the convective term explicitly as detailed 
in Section 2.2.4. As such Eq. (5.8) is discretized as 







In the present formulation, the non-dimensional jump conditions are rather different from 
Eq. (2.37) since the present non-dimensionalization is dissimilar with Section 2.2.1. As 
such the new jump conditions are 




















































β = , and θ is the angle between the membrane and the x axis at a 
given point on the membrane. To reiterate, these typical jump conditions are derived 
using the equations of motion as seen in LeVeque and Li (1997).  
The concentration jump conditions ([c] and [cn]) are calculated numerically using the 
Kedem-Katchalsky equations as detailed in Section 2.2.4. Finally, the membrane 
configuration is updated explicitly as mmmmmm VtYYUtXX .,. 11 ∆+=∆+= ++ , where 
),( VUU =r  is the membrane velocity computed as )sin)(,cos)(( θθ vv JXvJXu −−
rr
.     
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5.4. Results and discussions 
The numerical results are presented first for the validation of the numerical method. 
Thereafter, the method is employed to simulate solute transfer of the permeable capsule 
(analogous to a drug-loaded capsule) under various flow conditions and membrane 
properties. Finally, a single RBC and a single IRBC flowing in blood plasma is simulated 
in the absence of mass transfer.    
 
5.4.1.    Method validations  
Three validation tests are presented to verify the dynamics of the capsule: the first for the 
simple shear flow, and the second and third for the capsule-substrate adhesion (the 
second and third validation tests are given in Section 4.4.1 too. However, the same tests 
are repeated since the full Navier-Stokes equations are solved here as opposed to the 
Stokes equations solved in Chapter 4. All validation tests are carried out in the absence of 
mass transfer. The numerical results are compared with the corresponding reported 
results for impermeable capsules.   
The method is validated for the simple linear shear flow test with assuming linear elastic 
properties for the membrane. The radius of the initial unstretched circular capsule is r = 4 
µm and it is located in the center of a square computational domain of [a1, a2] x [b1, b2] = 
[-20, 20] x [0, 40] µm (i.e., the non-dimensional domain is [-5, 5] x [0, 10]). The fluid 
and membrane properties are µ = 4x10-3 N.s/m2, ρ = 1000 kg/m3, Ee = 60 µN/m, and Eb = 










 as 0.0125, 0.04, and 0.125. Here, Uin (=V ) is the magnitude of the 
maximum imposed velocity at y = b1 (towards the left in the negative x direction) and y = 
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b2 (towards the right in the positive x direction).  The Re number is kept below 1.0. As 
can be seen in Fig. 5.2(a), the evolutions of the Taylor deformation index of the capsule 
DI ( ≡  (maximum diameter - minimum diameter) / (maximum diameter + minimum 
diameter)) has reasonably good agreement with the corresponding results reported in 
Breyiannis and Pozrikidis (2000). Figure 5.2(b) shows the streamline patterns and 
velocity vectors around the capsule at G = 0.04 and they are consistent with previously 
reported results calculated using the immersed boundary-Lattice Boltzmann method (Sui 
et al., 2009). The above reinforces the stand that the present numerical method can 
provide reasonably accurate results for the deformation of an elastic capsule in a shear 
flow field. 
Next, the present capsule-substrate adhesion model is validated in the absence of an 
imposed flow field (i.e., Uin = 0) against two theoretical solutions taken from Cantat and 
Misbah (1999) and Wan and Liu (2001). The fluid and membrane properties are the same 
as above. The computational domain is [a1, a2] x [b1, b2] = [-20, 20] x [0, 20] µm (i.e., the 
non-dimensional domain is [-5, 5] x [0, 5]) and the gap between the capsule and the 
planar substrate is dm = 2.5h. The numbers of grid points in the x and y directions are 160 
and 80, respectively. Therefore, dm is equal to 0.625 µm (= 0.15625 in non-dimensional 
form). The adhesive coefficient is Wad = 1 – 20 µJ/m2.  Cantat and Misbah (1999) 
presented a relationship for adhesion length Lad as 3/1221 )/1(~)/( rrrLad − , where 1r  and 
2r are the equivalent radii calculated based on the perimeter and the enclosed are of the 
capsule, respectively. As can be seen in Fig. 5.3(a), the numerical results have an 
excellent agreement with the mentioned relationship. Then, the equilibrium shape of the 
adhered capsule is compared with the shape obtained theoretically based on the reported 
 126 
work in Wan and Liu (2001). The derivation of the theoretical solution based on energy 
balance is given in Section 4.4.1. Figure 5.3(b) shows that the equilibrium shapes at Wad 
= 5 µJ/m2 obtained from the numerical and theoretical works are fairly similar. Indeed, 
some discrepancies between the numerical and theoretical shapes observed are attributed 
to some simplifying assumptions used for the theoretical solution such as the membrane 
tension at the contact length is zero and the unbounded capsule shape is a part of a circle. 
In fact, similar differences with the theoretical solution are found for the IIM approach 
detailed in Chapter 4 (see Fig.4.5a) which is computed based on the Stokes equations and 
augmented variables as opposed to the present IIM approach combined with a projection 
method for the full Navier-Stokes equations.      
 
5.4.2.   A permeable capsule in a vessel  
The above validation tests suggest that the present numerical method is deemed 
reasonable in simulating capsule deformation and capsule-substrate adhesion. Next, the 
numerical model is used to simulate mass transfer of a single permeable capsule flowing 
in a biological fluid. The physical properties of the model used for following experiments 
are chosen so that they are fairly applicable for typical biological systems such as red 
blood cells and blood vessels. The viscosity µ and density ρ of the fluid are 4x10-3 N.s/m2 
and 1000 kg/m3, respectively. The shear modulus Ee and bending modulus Eb of the 
membrane are 60 µN/m and 1.8x10-13 µJ, respectively. The radius of the initial circular 
capsule is 4 µm and the computational domain (vessel) is [a1, a2] x [b1, b2] = [-20, 20] x 
[0, 20] µm (i.e., the non-dimensional domain is [-5, 5] x [0, 5]. That means the length and 
height of the vessel are 10 and 5, respectively, as can be seen in Fig. 5.8). The properties 
related to mass transfer are assumed as Lp = 1x10-8 m2s/kg, ωRT = 10-5 - 10-3 m/s, σ = 0, 
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and D =1.5x10-9 m2/s. Here, σ = 0 implies that the membrane is equally permeable to the 
solvent and solute. Most of these values are fairly similar to those found for typical 
biological cells, vessels and fluids (Anderson, 1983; Bagchi et al., 2005; Zhang et al., 
2008).  
The numerical investigations are performed to examine the solute mass absorption by the 
vessel walls under various conditions. For each case, the initial solute concentration in 
the surrounding field is constant at 0.25 mol/m3. The two walls of the vessel are 
permeable to the solute and the solute concentration boundary condition is set to be zero 
assuming that the tissues of the vessel walls are under maximum solute demand. This 
boundary condition has been used previously by others to compute oxygen transport in 
capillaries (Federspiel and Popel, 1986; Wang and Popel., 1993). The periodic boundary 
condition for the concentration is imposed along the flow direction. The total solute mass 














































 at a given time t. The dependence of 
SMw is investigated for stationary and moving capsules under various conditions.  
The non-dimensional time steps are around O(h/200) and O(h/800) for stationary and 
moving capsules, respectively.  
 
I.    A stationary permeable capsule in a vessel 
For the stationary capsule, the center of the capsule is located at the center of the 
computational domain (vessel) [-5, 5] x [0, 5], which is (xc, yc) ≡  (0, 2.5). For this 
capsule, a study of the influence of the mesh size on the local solute concentration 
profiles across the membrane and on the overall solute transfer from capsule to the 
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surrounding field (SMM) is also carried out. The diffusive permeability of the membrane 
ωRTabs is 1x10-3 m/s and the initial solute concentration ratio γ is 500. Figure 5.4(a) 
shows the solute concentration profile along x = 0 and it suggests that the selected mesh 
sizes have a very limited or minimal effect on the concentration profiles. As can be seen 
in Fig. 5.4(b), the overall solute transfer from the capsule is fairly independent of the 
(selected) mesh sizes. As such, the mesh size used for all the calculations below is 
MxNxNb = 160x80x80, unless mentioned otherwise. 
For the stationary capsule, the influence of the diffusive permeability of the membrane 
(ωRTabs) and the initial solute concentration of the capsule are examined. The center of 
the capsule is still located at the center of the computational domain (vessel) [-5, 5] x [0, 
5]. 
First, the influence of the diffusive permeability of the membrane ωRTabs on solute mass 
absorption by the vessel walls is investigated. ωRTabs is chosen as 1x10-5, 1x10-4, and 
1x10-3 m/s. The initial solute concentration of the capsule is −0c  = 37.5 mol/m
3
, which is γ 







cγ  is the initial solute concentration ratio between the capsule and the 
surrounding field. Figures 5.5(a) and (b) show the solute mass of the capsule and the 
surrounding field (i.e., +− SMSM , ), respectively, as a function of time t and diffusive 
permeability ωRTabs. As expected, the solute mass transfers to the surrounding field more 
rapidly when the membrane permeability ωRTabs increases. It is seen that +SM  initially 
increases to a maximum and then decreases. This occurrence is due to the fact that 
initially capsule gives more mass to the surrounding than the mass absorbed by two walls 
since the initial solute concentration in the capsule is much higher than that of nearby 
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fluid. It is interesting to note that the maximum solute mass (or concentration) of the 
surrounding field can be controlled by adjusting the membrane diffusive permeability 
ωRTabs. Figure 5.5(c) shows the total mass absorbed by the walls SMw as a function of 
time t at various ωRTabs. When ωRTabs increases the walls are able to absorb the solute 
mass more rapidly. Therefore, the rate of solute mass up take by walls can be controlled 
easily by varying the membrane diffusive permeability.   
Next, the influence of the initial solute concentration of the capsule on solute mass 
absorption by vessel walls is investigated. The chosen values for the solute concentration 
of the capsule are −0c  = 12.5, 37.5, 75, and 125 mol/m
3
 (i.e., solute concentration ratios 
between the capsule and the surrounding field are γ = 50, 150, 300, and 500). The 
membrane permeability is ωRTabs = 1x10-3 m/s. Figure 5.6 shows +− SMSM ,  and SMw as 
a function of time t for the chosen initial solute concentrations of the capsule. Referring 
to Fig. 5.6(a), it is found that the capsule loses about 95% of the initial solute mass by 
around t = 100 for all the cases. Similarly, as seen in Fig 5.6(b) the solute gained by the 
surrounding field also has the same trend variation with time regardless of the initial 
solute concentration ratio except that the maximum solute mass of the surrounding field 
increases with initial solute concentration ratio. Referring to Fig. 5.6(c), it is found that 
the two walls absorb about 95% of the initial solute mass of the computational domain by 
around t = 225 for all the cases. Therefore, these results reveal that the time taken for the 
solute absorption by the walls would be fairly independent of the initial solute 





II.       A moving permeable capsule in a vessel 
Here, the capsule is allowed to move along the vessel ([-5, 5] x [0, 5]) by an imposed 
flow field. The minimum gap between the capsule and the vessel walls (at y = 0 and 5) is 
dm = 2.5h which is 0.15625 (or 0.625 µm). This minimum gap is maintained to avoid any 
numerical instability of the code. The effects of imposed velocity (Uin), initial position of 
the capsule, and the capsule-wall adhesion on mass transfer between the capsule and two 
walls are investigated. The inlet velocity is chosen as uniform as similarly considered by 
Kondo et al. (2009) for the arteriolar flows. 
First, the influence of the uniform velocity Uin at x =-5 (left boundary) is examined by 
choosing Uin as 100, 500, and 1000 µm/s which are applicable for blood flows in vessels 
(N’Dri et al., 2003; Kondo et al., 2009).  The center of the circular capsule is initially 
located at (xc, yc) ≡  (-3, 2.5), which is along the centerline of the computational domain.  
The solute concentration of capsule is −0c  = 37.5 mol/m
3
 and the diffusive permeability is 
ωRTabs = 1x10-3 m/s. As can be seen in Fig. 5.7, the transient variation of SMw is almost 
identical for all the imposed velocities (SM - and SM + also have the identical behaviors 
for all the cases). This may be due to the fact that the diffusive mass transfer is probably 
dominant over the convective mass transfer and hence the mass transfer is rather 
independent of the velocity field. This explanation is supported by computing the Peclet 
number (the ratio between convective and diffusive mass transfers) for each case as 
D
rU in
=0.267, 1.333, 2.667 and seeing that it is in the order of 1 or less.        
Next, the influence of the capsule-wall adhesion and the initial position of the capsule are 
investigated. The parameters are chosen as Uin = 500 µm/s, ωRTabs = 1x10-3 m/s, and  −0c  
= 37.5 mol/m3. The numerical experiment is performed for three cases: (i) the initial non-
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adhesive capsule is away from the walls, (ii) the initial non-adhesive capsule is near a 
wall (iii) the initial adhesive capsule is near a wall. These three cases are tabulated in 
Table 5.1. The adhesive coefficient is set to be Wad = 20 and 40 µJ/m2 which falls in the 
biological range (Cantat and Misbar, 1999). Figure 5.8(a) shows the capsule shape (solid 
line) and the solute concentration field when the capsule reaches x = 4 at t = 88.36 along 
the center line of the vessel. Figures 5.8(b)-(d) show the corresponding results for the 
non-adhesive and adhesive capsules, when they move near to a wall. It is seen that the 
solute concentration of the capsule is higher than the surrounding field at t = 88.36 when 
the capsule moves along the center line (away from the walls). However, the solute 
concentration of the capsule is almost the same as the surrounding field at t = 88.36 when 
the capsule moves near to one wall. These results indicate that more solute mass would 
be absorbed by two walls when the capsule moves near to one wall. Figure 5.9 shows SM 
-
, SM +, and SMw as a function of t for each case. The results in Fig. 5.9(a) show that the 
capsule loses the solute faster when the capsule moves near to one wall. Also, it shows 
that the inclusion of the adhesion between the capsule and the walls enhances the rate of 
solute lose from the capsule and this rate further increases with the strength of adhesion. 
Fig. 5.9(b) shows that solute mass in the surrounding field is higher when the capsule 
moves along the center line than the capsule moves near to a wall. In addition, the results 
indicate that the capsule-wall adhesion tends to decrease the solute mass available in the 
surrounding fluid. The results suggest that the time for the maximum of the solute mass 
occurs in the nearby fluid would not depend significantly on the initial position of the 
capsule and capsule-wall adhesion. Fig. 5.9(c) shows that the total solute mass up take by 
the walls at a given time increases when the initial position of the capsule is near to one 
 132 
wall rather than it is on the center line of the vessel. Furthermore, the results demonstrate 
that the total solute mass absorption by walls significantly increases with capsule-wall 
adhesion and it further increases by increasing the strength of adhesion. Therefore, the 
present results appear to reaffirm that the effectiveness of the drug-loaded micro-particles 
depend on the particle-wall adhesion (Chan et al., 2004). 
 
5.4.3.    A single RBC/IRBC motion in plasma flows  
Then, the numerical model is employed to simulate a single RBC/IRBC deformation and 
adhesion in blood plasma flows. The computational domain (capillary vessel) is [-20, 20] 
x [0, 20] µm (i.e., the non-dimensional domain is [-5, 5] x [0, 5]) as also used in Section 
5.4.2. The uniform grids in the x and y directions are 160 and 80, respectively. The 
viscosity µ and density ρ of both blood plasma and the enclosed fluid of the cells are 
1.2x10-3 N.s/m2 and 1000 kg/m3, respectively. The parameters used for the RBC and 
IRBC are given in Table 5.2. The bending modulus Eb is considered the same for both 
RBC and IRBC as reported in Jiao et al. (2009). As the malaria parasite grows in the 
biconcave RBC, the shape of the IRBC becomes spherical (Kondo et al., 2009). As such, 
a circular initial shape is considered for the IRBC. Also, the initial shape of the RBC is 
assumed as circular for easy comparison of the results. The adhesive coefficient Wad 
applicable for IRBC is computed by using the fact that an IRBC detaches by a 
micropipette aspiration test at a force 5 to 10 x 10-11 N (Nash et al., 1992). Therefore, a 
pulling force of 7 x 10-11 N is applied to the initially adhered IRBCs with different 
applied adhesive coefficients as Wad = 5, 10, and 20 µJ/m2. The pulling force is 
distributed among six nearby control points around the point the force is applied on the 
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top of the cell. Then, the adhesive coefficient corresponding to the detachment of the cell 
is found. Figure 5.10 shows the different shapes of the IRBC at Wad = 10 and 20 µJ/m2 
under the applied pulling force (under Wad = 5 µJ/m2, the IRBC becomes detached under 
the mentioned pulling force; not shown).  As can be seen in Fig. 5.10(b), the IRBC juts 
about detaches for   Wad = 10 µJ/m2, and hence it is chosen as the approximate adhesive 
coefficient for the IRBC. It is worth noting that the detached shape shown in Fig 5.10(b) 
concurs reasonably with the detached shape reported experimentally in Nash et al. 
(1992). 
For the numerical investigations, the center of RBC/IRBC is initially located at x = -3. As 
similarly done in Section 5.4.2., a uniform velocity field Uin = 500 µm/s is applied at the 
inlet (x = -5) of the vessel since it is similar to that found for blood flowing in capillaries 
(Kondo et al., 2009).  
Figures 5.11(a) and (b) show the deformation of the RBC and IRBC, respectively, along 
the vessel. The RBC gradually moves away from the vessel wall due to the lift force and 
not having any adhesion with the vessel wall. However, the motion of the IRBC is clearly 
different from that of the RBC. The IRBC gradually adheres to the vessel wall while 
moves downstream. The rolling behavior of the IRBC is clearly evident as also reported 
in Kondo et al. (2009) for the malaria-infected RBCs. 
Next, the flow resistance produced by a single RBC and IRBC is investigated at Uin = 
500 µm/s. The flow resistance is evaluated using the pressure difference between the inlet 
and outlet. As can be seen in Fig. 5.12, the flow resistance given by the IRBC is higher 
than the resistance given by the RBC. This is due to the interaction between the IRBC 
and the vessel wall. These results indicate that the microvascular blockage would occur 
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when the healthy RBCs are infected by Plasmodium falciparum which is consistent with 
the conclusions in Kondo et al. (2009).    
In the present simple simulation, the IRBC and RBC are simulated individually. 
However, both the cells remain in the same plasma flow and the RBCs can adhere to the 
IRBCs to make rosettes and then flow resistance could increase considerably (Silamut et 
al., 1999). Moreover, the actual flow resistances computed from two and three dimension 
simulations are significantly different (Kondo et al., 2009). Therefore, it is needed a 
three-dimensional model with multiple cells in the plasma flow to compute more reliable 
results which are consistent with clinical observations. This is beyond the scope of this 
study and the present work is only a first step to simulate RBCs and IRBCs.        
 
5.5.    Summary and conclusions 
A two-dimensional numerical method based on the immersed interface method is 
proposed to simulate solute transfer of a permeable, deformable, and adhesive capsule 
flowing in an imposed flow field of a binary solution. This study is the first to use the 
aforementioned numerical method to simulate a permeable flowing capsule with capsule-
wall adhesion. The numerical results in the absence of a flow field show that the solute 
transfer between the capsule and the vessel walls can be modulated by changing the 
membrane permeability and the initial solute concentration of the capsule. In other words, 
the solute uptake by the capillary walls can be delayed by decreasing the membrane 
diffusive permeability while the maximum solute mass available in the flow field can be 
decreased by decreasing the diffusive permeability. Moreover, the numerical results show 
that the solute mass absorption by the walls would not be much affected by a Stokes flow 
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field when the capsule moves along the centerline (away from the walls) and the Peclet 
number is sufficiently small (say O(1) or less). However, the capsule moving near to one 
wall would increase the solute absorption by walls as opposed to the case of the capsule 
moving along the centre line of the vessel. The adhesion between the capsule and walls 
would further increase the total solute transfer between the capsule and walls.    
Finally, the same model is employed to simulate a single RBC and a single IRBC flowing 
in plasma flows in the absence of mass transfer. The fundamental results show that 
numerical results have qualitative agreements with corresponding reported results.     
The fundamental results reported in the present work would be important in designing 
drug-loaded capsules for effective and targeted drug delivery. Also, the present method 
can be improved to investigate the oxygen transport in the healthy red blood cells and the 
sticky malaria-infected red blood cells. To address this problem, the different viscosities 
for the capsule and the surrounding field need to be implemented. Future research would 















































































Definition RBC IRBC 
Shear modulus, Ee 6 µN/m (Zhang et al., 2009) 60 µN/m (Suresh et al., 2005) 
-Schizont stage 
Bending modulus, Eb 1.8x10-13 µJ (Zhang et al., 
2009) 
1.8x10-13 µJ  
Adhesion coefficient, Wad 0 10 µJ/m2 
Radius, r 4 µm   4 µm   
 
Table 5.2 Simulation parameters for RBC/IRBC 
Table 5.1 Different cases for capsule-wall adhesion with mass transfer  
Initial position of the 
center of the capsule 
Wad 
(i)   x = -3, y = 2.5 (away from walls) 0 (no adhesion) 
(ii)  x = -3, y = 1+dm (near a wall) 0 (no adhesion) 

















































Figure 5.2 Validation for the simple shear flow. (a) evolution of the Taylor 
deformation index; (b) streamline and velocity vector around the capsule at the steady 





















































Figure 5.3 Validation for capsule-substrate adhesion. (a) comparison with Cantat and 
Misbar (1999); (b) comparison with the theoretical solution derived in Section 4.4.1 at 



















































Figure 5.4 Grid refinement test for the stationary permeable capsule. (a) solute 
concentration profile along the x = 0 line; (b) overall solute transfer from the capsule: 



































































































Figure 5.5 Effect of the diffusive permeability. (a) solute mass of the capsule; (b) 
solute mass of the surrounding field; (c) solute mass absorbed by the walls: ωRTabs = 



































































































Figure 5.6 Effect of the initial solute concentration of the capsule. (a) solute mass of 
the capsule; (b) solute mass of the surrounding field; (c) solute mass absorbed by the 
walls: ωRTabs = 1x10-3 m/s, γ = 50-500, Uin = 0, Wad = 0 (Note: For all γ values, c 



























Figure 5.7 Effect of the imposed velocity on solute mass absorption by walls: 


































































































Figure 5.8 Deformation of the capsule and the solute concentration when capsule 
reaches x = 4. (a) initial non-adhesive capsule is away from the walls; (b) initial non-
adhesive capsule is near a wall; (c) initial adhesive capsule is near a wall, Wad = 20 
µJ/m2; (d) initial adhesive capsule is near a wall, Wad = 40 µJ/m2:   ωRTabs = 1x10-3 m/s, 




































































































Figure 5.9 Effect of the initial position of the capsule and capsule-wall adhesion on 
solute transfer. (a) solute mass of the capsule; (b) solute mass of the surrounding 





















































Figure 5.10 IRBC detachment by a pulling force of 7 x 10-11 N. (a) Wad = 20 
































































Figure 5.12 Effect of RBC and IRBC on plasma flow resistance. 
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Chapter 6 
Concluding Summary and Recommendations   
In this chapter, a concluding summary for the whole thesis and some recommendations 
for future works are presented. 
 
6.1. Conclusions 
Mass transfer across a deformable and permeable membrane of a two-dimensional 
capsule immersed in a diluted binary solution was simulated using the immersed interface 
method (IIM). The membrane was considered as either semi-permeable or fully 
permeable. The fluid dynamics aspect of the problem is governed by the Stokes or 
Navier-Stokes equations while the mass transport in the fluid and across the membrane 
are governed by the species transport equation and the Kedem-Katchalsky equations, 
respectively. The accuracy of the IIM procedure was verified by calculating the 
numerical errors of some model variables for the semi-permeable capsule at the 
equilibrium. The results showed that all the errors incurred were less than 1% of the 
respective analytical values. Furthermore, an analytical solution for the transient of the 
enclosed area of a swelling circular capsule agrees well with results produced by the 
present numerical procedure. 
Then, numerical investigations were done with physical properties found for typical 
biological systems. For the semi-permeable capsule, the effect of osmotic load (∆c0), the 
initial solute concentration ratio (γ) and the hydraulic conductivity (Lp) on capsule 
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swelling and deformation were examined. It was found that ∆c0 has a noticeable 
influence on the capsule swelling and deformation. Also, the results revealed that γ has a 
major effect on capsule swelling; swelling increases with γ and changes in γ have only 
rather minimal influences on capsule deformation. The influence of Lp on capsule 
behavior is similar to that of ∆c0 for small δ values indicating that primarily β governs the 
capsule behavior for small δ values. A qualitative agreement between the present results 
and the results reported in Zinemanas and Nir (1995) was seen. When the hydraulic 
conductivity (Lp) of a biological tube such as an artery or renal tubule is unknown, the 
present model seems able to estimate this property by reverse engineering via matching 
the computed numerical results with the experimental (clinical) data. One limitation of 
the present model is that the dynamics viscosity of aqueous solutions in the enclosed and 
surrounding volumes needs to be the same.  
When the membrane is fully permeable, the effect of the solute diffusive permeability of 
the membrane, ωRTabs (or non-dimensional diffusive permeability α) on the characteristic 
behavior of the capsule was investigated at a very small δ value. It was observed that 
when α increases, Aeq decreases. And also, when α is well above from unity, the capsule 
does not reach a circular configuration at the equilibrium. It was found that if α <O(1), 
the capsule gains some solute from the surrounding, and loses otherwise.  
Solute transport across permeable capsules is commonly found in biological systems. 
Uptake of oxygen by red blood cells, nutrient uptakes by living cells, and cholesterol 
transport across artery walls are a few to name. Thus a basic understanding of the 
parameters affecting as found in the present study would be most valuable.           
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One of the direct extensions of this work will be the osmophoretic motion of semi-
permeable two-dimensional capsules immersed in a binary solution. 
Also, this study used the IIM to simulate capsule-substrate adhesion in the presence of 
membrane permeability under the Stokes flow condition. The adhesion energy between 
the capsule and the planar substrate was represented by a potential function. The 
numerical results in the absence of membrane permeability were compared with the 
theoretical results of Cantat and Misbah (1999), and agreement is very good. The results 
suggest that the hydraulic conductivity of the semi-permeable membrane has no 
significant effect on the equilibrium shape of the adhered capsule. Theoretically it is 
rather expectable since the capsule swells to the same enclosed area for all Lp values 
since the capsule equilibrium does not depend on Lp for the semi-permeable case. The 
swelling transient is affected by the hydraulic conductivity as the capsule reaches the 
final equilibrium faster when Lp is larger. When the capsule is fully permeable, the solute 
diffusive permeability and reflection coefficient of the membrane have significant effects 
on swelling and adhesion characteristics of the fully permeable capsule.  
Finally, the numerical model was extended to simulate a permeable capsule flowing in a 
vessel. The full Navier-Stokes equations were solved using the IIM coupled with a 
projection method as opposed to previous solutions of Stokes equations.   The model was 
employed to simulate a permeable capsule analogous to a drug-loaded capsule in the 
presence of the membrane fully permeability. The numerical results indicate that the 
solute transfer between the capsule and the vessel walls can be modulated by changing 
the membrane permeability and the initial solute concentration of the capsule. Also, the 
capsule moving near to one wall would increase the solute absorption by walls as contrast 
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to the case of the capsule moving along the centre line of the vessel. The adhesion 
between the capsule and the walls would further increase the total solute transfer between 
the capsule and the walls. The same model was used to simulate a red blood cell and a 
malaria-infected red blood cell flowing in blood plasma in the absence of membrane 
permeability. The results show that the model is capable of modeling the basic 
characteristic behavior of a malaria infected red blood cell.  
 
6.2. Recommendations 
It is straightforward to use the current model to simulate a single adhering capsule in 
haptotaxis and osmophoresis which are two cell migration modes in biology (Cantat and 
Misbah, 1999; Zinemanas and Nir, 1995). Also, a solution with many solutes instead of a 
binary solution can be considered by modifying the calculation procedure slightly. 
It is important to include different viscosity for the enclosed fluid and surrounding fluid 
since it is the case for many biological systems including red blood cells and white blood 
cells. This is achievable using the augmented approach reported in Li et al. (2007).  
Finally, it is important to extend the present model for a three-dimensional model since 
practical problems are in the three-dimensional domain at most of the time. The present 
formulation using the Kedem-Katchalsky equations are applicable for three-dimension 
too. Although, currently the three-dimensional immersed interface method is not well 
established, the present calculation can be done using the three-dimensional immersed 
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Appendix A: Spatial and temporal correction terms  
In Fig. A1, the point (i, j) is called an irregular grid point since grid points from both 
sides of the interface are involved in calculating the first and second order derivatives at 
point (i, j) using the central finite difference scheme. It is assumed that we are working 
with the discontinuous model variable u, and the jump conditions [u] and [un] are given. 
Thus, the derivatives of u with respect to x and y are to be calculated using the 
generalized finite difference (GFD) at grid point (i, j) (or using Taylor series expansions 






         
where 111 α−= +
+
ixh and h = grid size. The jump conditions [u] and [un] at the 
intersection point I1 are calculated by cubic interpolation from those known jump 
conditions at all control points; similarly these values are used to calculate 
1
][ Ixu and 
1
][ Ixxu by a coordinate transformation as similarly done by Layton (2006).  The correction 













































































In the same way, Ci,j{uy} and Ci,j{uyy} are calculated with use of  2][ Iyu and .][ 2Iyyu  
The correction term for the Laplacian of u at (i, j) is calculated using the generalized 




and hence the correction term for u2∇  is given as 
 
 
The temporal correction term Q = C{ut}is only non-zero at grid points crossed by the 
interface at a time between tm and tm+1.  It is assumed that the interface crosses the grid 
point (i,j) at time ),( 11 +∈ mm ttt . From the Taylor series expansion of u about 1t , the 
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, yyjixxjiji uCuCuC +=∇                 (A.4) 
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The + sign is used if the grid point (i, j) enters into Ω- from Ω+, and the – sign is used 
otherwise. More details on spatial and temporal correction terms can be seen in Le et al. 
(2006). 
 
Figure A1 Sketch for the calculation of correction terms. 
 
Appendix B: The analytical solution for the enclosed area of circular swelling 
capsule  
Note that the calculation is presented in the dimensional form. The rate of change of 
enclosed capsule area can be written as  
 
 
where A = capsule enclosed area, S = total circumferential length of the membrane. Other 
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For a circular capsule, S ≡ 2pir, A ≡ pir2 and [p] ≡- Ee(ε1.5-ε-1.5)/r, where r ≡ capsule 







 , and ra≡ unstretched radius of the 
capsule. 
If the dimensionless parameter δ>>1, the capsule swelling is primarily governed by the 
mechanical pressure difference ([p]), and hence the solute concentration difference across 
the membrane ([c]) is negligible. Thus, the above differential equation can be written in 









This non-linear equation is solved for ε at a given time t by Newton-Raphson method. 
Once ε is known, the enclosed area is calculated by pi(ra ε)2 at time t.  
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